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BBenenue

JlanHOe mocobue COMEePKUT WHIANBHUAYAJIbHbIE 3JAHUS IS CAMOCTOSI-
TEJIbHOM PabOThl CTYAEHTOB 10 muciuiimHaM «Ajrebpas u «Bpicinas ag-
rebpay, COIPOBOXKTAaeMble HEOOXOIUMBIMH OIPE/IEJIEHUAMU U [TOACHEHUSI-
MHU. DTH 33JAHUSA CTOCOOCTBYIOT 3aKPEIIEHNI0 TEOPETUIECKOTO MATEPUATIA
7 BBIpAOOTKE HEOOXOIMMBIX YMEHWIl 1 HaBBIKOB. Bech MarTepuasr COOTBET-
crByer DeepaabHOMY TOCYIapPCTBEHHOMY O0OPA30BATEIHHOMY CTaHIAPTY
o nanpassenuio noarorosru 230100 «uadopmarrka u BerducmTeIbHAS
rexuukay. [locobue mpenna3zHadeHo B MepBYIO OYepPe/ib /Jisd CTYJIEHTOB 3a-
OYHOM ¥ OYHO-3209HON (HPOPM 00yUEHUsI, HO MOKET OBITH MCIOJIH30BAHO U
Uit IpyTuX GOPM 00y UIEHHS.

V4ebHOe mMOCodMe COCTOUT W3 IMECTH IJIaB, COOTBETCTBYIOIIUX TEMAaM,
U3y9aeMbIM BO BPEMs ayJIUTOPHBIX 3aHATUil. B Kaxkm10it riiaBe mpuBOaAT-
ca HeoOxouMble Teoperudeckne cBeneHus, 40 BapHaHTOB 33,124, IECATH
(uim 9yTb GOJIbLIE) YUPAKHEHUN M HECKOJILKO LIPUMEPOB PeLleHus 33/~
Huii. 337a97 ABJISIOTCS 00513aTEIHFHOM OCHOBON BBITIOJHSAEMBIX CTYIEHTAMU
3a09YHON W OYHO-3209HON (OpM 00ydeHMsT KOHTPOJBHBIX paboT. Perene
yIpaKHEHUH HE0OX0IuMO 71 060/Iee KAYECTBEHHOTO YCBOSHNS MATEPHUAJIA.

Pemenne Bcex 3amanmii TpeOyer BHHMAaHWA W akKKypaTHocTH. [locme
perennsi HeOOXOAUMO CEIATh IIyHKTYAJIbHYIO IPOBEPKY.



I'maBa 1

Anrebpanydeckue
CTPYKTYPBbI

Orobpaxenne f : A™ — A Ha3bIBaeTCd n-MECTHON omepanueil Ha
muoxkecrBe A. CyiecrBenHo, 4ro pedyabrar omnepaunuu f(aj, as,...,a,)
cHOBa mpHAmTEKUT MHOKecTBYy A. IlomMHOXKECTBO IeKapToBOi creme-
un R C A™ Ha3pIBaeTCs N-MECTHBIM OTHOIIEHHWEM Ha MHOXKecTBe A.
MO2KHO OTOXK/JECTBUTH OTHOLIEHHME C COOTBETCTBYIOIIMM IPEIUKATOM
R(ay,as,...,a,), KOTODPBIH MPUHUMAET 3HAYEHWNE «HCTHHA», ECIIN U TOIBKO
ecin (a1, asg,...,a,) € R.

Hab6op onepanuii u oTHOIWEHWH ¢ yKA3aHUEM KOJMYECTBA MX apryMEeH-
TOB («MECTHOCTH» ) HA3BIBAETCA CUTHATYpA. Hampumep, curaaTypa apud-
METHKH — X = {plus(Q)7 minus®, mult®, zero®, less@)}. Ilndps B cKOO-
KaxX CBEPXY — YKa3aHUE «MECTHOCTW». JIJIsi IBYXMECTHBIX ONeparuii u or-
HOIEHUT 9aCTO UCHOJb3yeTCst MH(UKCHAS 3aUCh, Korua BMecTo f(a, as)
u R(ay,as) nuyr a; fas u a; Ras coorsercrsenno. Hanpuwmep, a; + as u
a1 < as.

Agrebpamdeckas cuCTEMa CUTHATYPBI Y. — 9TO MHOXKeCTBO A BMecre ¢
3aJ]AHHBIMY HA HEM OINEPAIASIME W OTHOINEHUsIME, Bxogamumu B 2. Ctpo-
roe ob3navenue ajrebpaunyueckoii cucrembl A = (A, X)), HO KOrua curuary-
pa 3apaHee OrOBOpEHA, MBI OymeM O0O03HAYATEH AJTeOPAMIECKYIO CHCTEMY
TaK¥Ke, KaK U ee OCHOBHOE MHOXKECTBO A.

Yacrablil caydaii aarebpamdeckoil CHCTEMbI, KOra CATHATYpa He CO-
JIEPZKUT CHMBOJIOB OTHOLIEHWI, HA3bIBAETCA ajrebpaumdecKas CTPYyKTypa
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uin, Kopoue, ajarebpa. TakuMm obpas3om, ajredpa — 3TO MHOXKeCTBO A BMe-
cTe ¢ 3aJJaHHBIMU HA HEM OnepanusaMu (PUKCHPOBAHHON CUTHATYPHI.

Cawmpbrit pocTO#t ciydail — OHA ABYXMECTHAS OMEpAIus > = {*(2)}.
Auirebpy ¢ omHO# IBYXMECTHOH omnepanueil Ha3bBalOT rpynmounz. Ecam
Ke 39Ta JIByXMECTHas omeparnusi o0JaJaeT CBOMCTBOM aCCOIMATUBHOCTH,
TO €CTb A1sl BCex a, b, ¢ € A Bpuionngercs paBeHcTso a (bxc) = (axb)xc,
TO TaKas ajJredpa HA3BIBAETCsS TOMyrpynmnoii. CBOWCTBO acCONMMATUBHOCTH
JIOBOJIBHO IITUPOKO PACIpOCTpaHeHo. [IoMrMO XOpOoImo 3HAKOMBIX Omepa-
Uil CITOJKEHUsT U YMHOMXKEHUsI, UM 00JIAJAI0T Tepecedenne u 00beTuHeHne
MHOKECTB, OIlepalliy B3aTus MakcuMyMa u MuauMmyMa. QOCHOBHON mpumMep
MOJTyTPYIIIIBI — MHOXKECTBO OTOpazKeHn# HEKOTOPOro MHOXKecTBa B B cebst
¢ omeparmedi komnosunuu (moacraHopku). Ecom f: B— Bug: B— B -
JBa 0TOOpaXKeHusi, TO UX Komno3unust fog : B — B onpenesnsercs: mpaBu-
aom fog(x) = f(g(x)). Joka3aregabCTBO aCCOMUATUBHOCTH TOI OlepaIuu
ocraBjsieTcs B KadecTBe ynpaxkaeHus. OCHOBHBIM 3TOT MPUMED SBIISIETCs
[OTOMY, 9TO BEpHA

Teopema. Jliobas nonyrpynna (G, *) uzomopdHa HEKOTOPOR MOAIIO-
Jyrpyiine Bcex orobpazkennii MHOKecTBa (G1 B cebs.

HokazarenbcTBo mpuseeHo B [1, c. 230].

DJIEeMEHT e HA3BIBAETCA HEHTPAIBHBIM JJIs ABYXMECTHOW OMEPAIIAN *,
ecJyIu 115 J1I000ro ¢ € (G BBIMOJIHEHO a*e = exa = a. JlJis1 onepamym ciioxke-
HUsI HeHTPATBHBIN 37eMenT — 310 0, J11s1 yMHOXKeHust — 1, /71 00 beJuHeHu st

— IIyCTO€ MHOXKECTBO, JJId KOMIIO3UIIUH — TOXKJIECTBEHHOE OTO6pa}KeHI/Ie.

Drement o~ ! HaspIBaeTca OOPATHBIM K 3JEMEHTY @, €CTH BEPHO a *

I ¥ a = e. B mosyrpymme He 065133TeIbHO CYLIECTBYeT OOpal-
HBII JJ14 KaxK/IOr'0 3JIEMEHTA, HO €CJIA CYLIEeCTBYeT, TO OLIpeJlesIdeTcd O/l
HO3HAYHO. ['pynma — 370 MONyrpymnma ¢ HeHTPATbHBIM 3JIEMEHTOM, B KOTO-
POit KaxKIbIil 3JIeMEeHT uMeeT 00paTHbIi. He yMeHbias o0IHOCTH, MOYKHO

el = a”

paccMaTpuBaTh TPYIIY KaK anaredpy CUTHATYPBI X = {*(2), cfl(l)7 6(0)} c
HyJIbMeCTHOI (6e3 apryMeHTOB) ouepanueil, T0 eCrb KOHCTAHTOM €, Pe/-
CTaBJIAIONIEH HEHTpAIBLHBIA 3JIEMEHT, OHOMECTHOMN Oomeparmeil B3saTust 00-
PATHOTrO 3JIeMEHTA U aCCOIMATUBHOM JBYXMECTHON onepanuei.

I'pynma na3zwsiBaeTcst abesieBoil, €Ciu ee IBYXMECTHAS OMEPAIns 00Ia1a-
€T CBOMCTBOM KOMMYTATUBHOCTH, TO €CTh JIJIst BCEX a,b € A BBIMOIHSETCS
paBeHCTBO a * b = b*a. I1a abesieBoit rpynnbl OOBITHO UCIIOIH3YIOT A -
TUBHYIO (POPMY 3AIUCH: KOMMYTATHBHASI M ACCONMATHBHAS JIBYXMECTHAS
oreparus 0003HAYAETCsI 3HAKOM «—+», HefiTpasbHbIi d1ementT — 0, a odpar-
HBIH 3/IEMEHT HA3BIBAETCS ITPOTUBOIOJIOKHBIM 1 0003HAMAETCI —a.
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I'JIABA 1. AJI'EBPANYECKHUE CTPYKTYPHI

Anrebpa (R,+,-) ¢ AByMs JBYXMECTHBIMH OIEDPAIMAMEI HA3BIBAETCS
KOJIbLIOM, eciiu (R, +) siBiisiercst abeJsieBoii rpyIinoil, a yMHOKEHUE JIUCTPU-
OyTUBHO OTHOCHTEIHHO CJIOKEHHsI, TO €CTh JJIA BCEX a, b, ¢ € A BBINOJIHSA-
torcst pasenctRa ¢ - (b+¢)=(a-b)+ (a-¢)n (b+¢)-a=(b-a)+ (c-a).
Hns abenesoit rpynmel (R, +) ecrecTBeHHA ajauTHBHAs (GopMa 3ammucn:
a+0 =a, a+ (—a) = 0. U3 qucTpubyTUBHOCTU JIOTUYECKH CJIELYIOT
cJleTyIolpe CBOMCTBA omepannn yMHOXKeHusd B Koable: a -0 = 0-a = 0,
a-(=b)=(—a)-b=—(a-b). Jliobywo abeneBy rpyiiy B aaguTuBHOil (Hop-
M€ 3alKCU MOXKHO TPUBUAJILHBLIM 00Pa30M IIPEBPATUTDH B KOJIBLO, 100aBUB
yMHOXKeHue 10 npasuiay = -y = 0. Takoe KOJbIO HA3LIBAETCH HYJIEBLIM
KOJIBIIOM.

Ecnu omepamusi yMHOXKeHUs B KOJIbIE 00JIaA€T CBOWCTBOM ACCOIM-
ATUBHOCTUA WJIM KOMMYTATHUBHOCTH, TO KOJIBIIO HA3bIBAETCH ACCOIMATHUB-
HBIM I KOMMYTATHBHBIM COOTBETCTBEHHO. ECu /1T yMHOKEHNST TMeeT-
cs1 HeTpanbHbIi 3seMenT 1 # 0, TO TOBOPAT KOJIBIIO ¢ efuaumeil. Accorm-
ATUBHOE KOJIbIIO C €JUWHUIEH HA3bIBAETCH IEJIOCTHBIM, €CJIn B HEM OTCYT-
CTBYIOT JEJIUTEJIN HYJIsI, TO €CTh He CYIIeCTBYeT IBYX 3JieMeHTOB a # 0,
b # 0 Takux, 4T0 @ - b = 0. Eciiv KaxKab1it HEHYJIEBOI 3JIEMEHT IEJI0OCTHOTO
KOJIbIIa MMeeT OOparTHbIl (10 YMHOXKEHHIO), TO 9Ta ajredpa Ha3bIBaeTCs
teno. KoMMmyTaTuBHOE TEO HA3BIBAETCS IIOJIE.

Jlpyrum BayKHBIM YACTHBIM CJIYYAeM MOy TPYII ABIAIOTCS MOy PerneT-
ku. [Tomypemrerka — 310 anrebpa ¢ OIHOI ABYXMECTHO omepariueit, KoTo-
pasi accormMaTuBHA, KOMMYTATUBHA U HJIEMIIOTEHTHA, TO €CTh Ui JII0O0ro
SJIEMEHTA @ * G = Q.

ITpumepst pasubix airebp cogepzxarcd B yuyebuuxax [1, 3].

Korna 3amano MHOXKECTBO U KaKOe-TO JI€fCTBHE C ero 3JIeMEeHTaMu, TO
CHaYaIa HAJ0 [POBEPUTH, YTO TO ONEpalds. ITO O3HAYAET [POBEPKY
ONPEJIETIEHHOCTN OIepaIny JIJId BCeX 3JIEMEHTOB MHOXKECTBA U IIPOBEPKY
TOTO, 9YTO PE3YJAbTAT OIlePAIlAN CHOBA IIPUHAJJIEIKUT TOMY K€ MHOXKECTBY.
TloToMm mpoBepsrOTCsT HYKHBIE IO YCJIOBHIO CBONCTBA OMEPAITHii.

B ciydae KOHEYHOrO OCHOBHOIO MHOXKECTBa, ajredper A =
{a1,as,...a,} AByXMECTHYIO OIEPAIMIO MOXKHO 33/IlaTh TAK HA3bIBAEMOIl
Tabnuneit Kann, roe Ha mepecedeHnu CTPOKH G; B CTOTONA @ 3alUChIBa-
eICs Pe3yJsbTal OLEPALUU G * .



1.1. BAJTAYNT

* aq a; Qp,
ai

a; cee a; * Qj

QA

ITo Takoif TabaWme JErko HPOBEPAETCS KOMMYTATUBHOCTH, HAJIUYHE
HEHTPABHOIO 3JIEMEHTA, CYIIECTBOBAHNE OOPATHBIX, HIEMIOTEHTHOCTh. A
BOT ITPOBEPKA ACCOCMATUBHOCTH CBOIMTCH K PACCMOTPEHMIO BCEX BO3MOYK-
HBIX TPOEK (HE 00A3aTeIbHO PA3HBIX) 3JI€MEHTOB. VX KOJIMYECTBO PABHO
n3, rne n = |A|. llpn HaaM9uM HEHTPAIBHOTO 3JEMEHTA PACCMaTPUBAIOT
TOJILKO TPOHMKHU 0€3 Hero, MOTOMY 9TO €CJIU € ABNACTCHS HeHTPATbHBIM, TO
BBINOJIHAIOTCA PABEHCTBA

(exb)xc=bxc=ecx(bxc)
(bxe)xc=bxc=bx*(exc)
(bxc)xe=bxc=bx(cxe)
Ecin i Bcex paccMaTrpuBaeMbIX TPOEK BBIIOJHEHO CBOHCTBO acCOCHa-
THUBHOCTH, TO omeparus Oymaer acconuaruBHOi. Ecan xora Ob1 ajsd omHOI

Tpoiiku a,b, ¢ € A BersacHuTCs, 9TO @ * (b* ¢) # (a * b) * ¢, TO onepanusa He
acCoIMaTHBHA.

1.1. 3amaun

Jano muoxkecrBo A u aByxmecrHas ouepauus. IIposepurb, 4ro pe-
3yJbTAT OMEPAINK BCETIa MPUHAIJIEKUT TOMY K€ MHOXKecTBY. Ecim 310
BEPHO, TO OTBETUTH HA BOMPOCHI:

o {misieTcsa im omeparus acCOIUATUBHON, KOMMYTATUBHOM, HIEMIIO-
TEHTHON?

e CymIecTByeT Jiu HEHTPAJIbHBIN JIeMEHT !

e dBnsiercs nm mamHas ajarebpa TOJYTPYIION, CPyHmol, abereBoit
CPYIIIOHN, TOJIyPEIIeTKOR?



I'JIABA 1. AJI'EBPANYECKHUE CTPYKTYPHI

N 1A %
xla b ¢ d
ala b ¢ d
1.1 | {a,b,¢,d} b|b a d c
cle d a b
dld ¢ b a
1.2 | Z x xy = min(z,y)
a b
1.3 | marpuns! BuIa 0 ¢ ), YMHOXKEHUE MaTPHI]
a,b,ceR
*x|a b ¢ d
ala b c d
14 | {a,b,¢,d} blb a d c
cle d b a
dld ¢ a b
15 | N xxy =HO/(z,y)
1 a
1.6 | marpuns Buga ( 01 >, a € R | ymHOXKeHME MaTPHIL
xla b ¢ d
ala b ¢ d
1.7 | {a,b,¢,d} b|b ¢ d a
cle d a b
dld a b ¢
1.8 | Z x xy = max(z,y)
a b
1.9 | marpuns BuIa ( b a ), YMHOXKEHUE MaTPHI]
a,beR
*|a b ¢ d
ala d d d
1.10 | {a,b,c,d} bid b d d
cld d ¢ d
dld d d d
1.11 | N z+y = HOK(z,y)
a 0
1.12 | maTpunsl BUIA 0 a ), YMHOYKEHUE MATPHI]

a€Ra#0




1.1. BAJTAYNT

N | A %
x|la b ¢ d
ala a a a
1.13 | {a,b,c,d} bla b b b
cla b ¢ c
dia b ¢ d
1.14 | {0,{a}, {b},{a,b}} rxy=xNy
1.15 | maTpumnsl BUIa YMHOXKEHUEe MaTpPHI],
C?SG —sina GaeR
sina cosa
x|la b ¢ d
ala ¢ ¢ a
1.16 | {a,b,c,d} blec b ¢ b
cle ¢ ¢ c
dla b ¢ d
1.17 | {0,{a}, {b},{a,b}} zxy=aUy
1.18 | maTpuis! BUIa E)l 0 | YMHOXKEHUEe MaTpPHI],
a,beR,a#0
x|la b c d
ala b ¢ c
1.19 | {a,b,c,d} blb b b b
cle b ¢ c
dlc b ¢ d
1.20 | {0,{a},{b}} Try=xNy
a 0
1.21 | marpuipl BUIa < 0 b ) , YMHO2KEHUEe MaTpuil
a,beR
x|la b c d
ald ¢ b a
1.22 | {a,b,c,d} blc d a b
clb a d ¢
dla b ¢ d
1.23 | {0,{a},{b}} zxy=xUy
0
1.24 | maTpuisl BUIA L YMHOXKEeHUEe MaTPHII,
a,beRD#D




I'JIABA 1. AJI'EBPANYECKHUE CTPYKTYPHI

Ne A *
x|la b ¢ d
alc d b a
1.25 {a,b,c,d} bld ¢ a b
clb a d c
dla b ¢ d
1.26 | {0,{a},{a,b}} rxy=zxNy
x|la b ¢ d
alb ¢ d a
1.27 {a,b,ec,d} blc d a b
cld a b c
dla b ¢ d
1.28 | {0,{a},{a,b}} rxy=zUy
x|la b ¢ d f
ala b ¢ d f
129 | {a,b,c,.d, f} lc’ lc) ? Z { Z
dld a f ¢ b
flf ¢ b a d
x|la b c
1.30 {a,b,c} Cbl (CI Z Z
cla b c

3agaH0 MHOXKECTBO A C oneparusaMu CJIOKeHus U yMHOKeHus. [Ipose-
PHUTH, 9TO 3Ta ajaredpa ABILeTCs KOIbIoM. Ecin 3T0 KOIbIIO, TO OTBETUTH
Ha BOIIPOCHL:

e Byjer jin OHO aCCOIUATUBHBIM, KOMMYTATHBHBIM, C €HHUIEH?

o Spisiercst i 9TO KOJIBIO METOCTHBIM, TEJIOM, TOJEM?
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1.2. YIIPAKHEHU S

Ne A

1.31 Bk [k e}

1.32 {a+bV5]a,beZ}

1.33 | marpunst Buga < g 2 ), a,beR
1.34 {a+bv/-1]a,beZ}

1.35 | marpums! Buga ( g 2 ), a,beZ
1.36 {a+by/—1]a,beR}

1.37 {a+bV5]a,bcQ}

1.38 | marpuis Buia < ;b 2 >, a,beQ
1.39 {a+bv=5]a,beQ}

1.40 {a +bv/=5]a,beR}

1.2.

Jano muo)kecTBO A n AByxMecTHas oneparus. Caurasi, 9T0 3Ta aared-
pa siBsieTcs rpymmnoii, cocraButh Tabauity Kamu, HaiiTu Bce ee mOArPyIIIbL,

YnpakHeHud

YKa3aThb KaKue IIOArPYIIIbI ABJIAIOTCA HOPMAJIbHBIMHA.

Ne *

141 | {1,5,7,11} xxy=ux-y (mod 12)

1.42 | mepecTaHOBKYM MHOYKECTBA KOMTIO3UTINAS
{1,2,3}

1.43 ] {0,1,2,3,4,5} rxy=2x+y (mod 6)

1.44 | {e,a,a? a’,b,ba,ba? ba’} a* =e, b = e, baba = e,

145 | {1,7,11,13,17,19, 23,29} xxy=ux-y (mod 30)

1.46 | gerHbIE TIePEeCTaHOBKA KOMTIO3UIINAS
muO)kecTBa {1,2,3,4}

1.47 1 {0,1,2,3,4,5,6,7} z+xy=2xz+y (mod 8)

1.48 | {e,a,b,c,d,da,db,dc} a=b=c=cab=d,d*=e

CocraBuTh TaOIUIBI COKEHHUS M yMHOXKEHHS 3aJaHHOIO KOJIbIA, Hail-

TH BCe ero miaeaJibl.

1.49. Koibo BbI4eToB Zy.
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I'VIABA 1. AJITEBPANYECKHNE CTPYKTYPBI
1.50. Ilose Tamya GF(5).
1.51. KombIiio BbIYETOB Zg.

1.52. Tlone Tamya GF(4).

1.3. llpumepsl penieHud 3adaHNI

Jano muoxkecrBo A u aByxmecrHas onepauus. Ilposepurb, 4ro pe-
3yJbTAT OMEPAINY BCETa MPUHAIJIEKUT TOMY K€ MHOXKecTBy. Ecam 310
BEPHO, TO OTBETUTH HA BOMPOCHI:

o {BisieTca sm omepanus acCOMUATUBHOMN, KOMMYTATUBHOM, HIEMIIO-
TEHTHOW?

e CyliecTByer Jiu HeHTPaJIbHbIA J1€MeHT !

e {pnsgerca su maHHAS aaredOpa MOJYTPYIIOH, T'PYIIoH, abereBoi
I'PYILION, 1OJIypPEeLIeTKOR?

IIpumep 1.1. A = {e,a,b},

W3 Tabnunsl BUIEM, 9TO PE3Y/IBTAT ONEPAIMN BCETIA JEXKAT B A =
{e,a,b} u e — HeiirpanbHbLil 37eMeHT (COOTBETCTBYIONIME CTPOKA U CTOJI-
6ewy, coBaaior ¢ 3arosopkamu Tabiuupl Kam). Cummerpus ornocuresib-
HO IVIABHOIN JUArOHAJN CBUAETEJHCTBYET O KOMMYTATHBHOCTH OTEPAIVN.

Tak kKak a * a = e # a, TO TA ONEpalys HE UIAEMIOTeHTHA. [IpoBepum
ACCOIMATUBHOCTD. a * (% b) = a*e = a, HO (a*a)*xb = e*b = b. Tak Kak
ax*(a*xb) # (axa)*b, To onepanus He acconnarusHa. Cre10BaTEIBHO, ITA
anrebpa He SIBISETCA MOJYTPYNNOR u TeM 6oJee He SBJISETCs HU TPYIIION,
HU TIOJIy PEIIeTKOiA.

IIpumep 1.2. A ={a,b,c,d},

QU O Q%
LO TR
[SIESIESURS 2 RS
ST OO0
QO &



1.3. IPUMEPEI PEIIEHI A 3A/TAHIN

W3 Tabaunsl BUIAM, 9TO PE3YJIBTAT ONEPAIMU BCETIA JEXKAT B A =
{a,b,c,d} u a — HeliTpasbHBIii Bj1eMeHT (COOTBETCTBYIOLIHME CTPOKA U CTOJI-
6ewy, coprajaior ¢ 3arosopkamu Tabsuipl Kam). Cummerpus ornocuresib-
HO TJIABHON IWATOHAJIN CBUIETEIHCTBYET O KOMMYTATHBHOCTH OTIEPAITNH.

Tak xak b * b = d # b, TO 3Ta onepalus He UAEMIOTEHTHA. [IpoBepuM
ACCONMATUBHOCTD ST TPOEK 3JEMEHTOB, He BKIIOYAIOIINX HEATPATHHBII
ssiemMeHT a. B cuity kommyrarusHoctu xk (xxx) = (xx ) *xx, v x (y*x) =
xx(zxy)=(r*xy)*xz, m3x*x(y*xy) = (r*xy)*y caenyer y* (y *x) =
yx(xxy) = (zxy)xy=axx*(y*xy) = (y*y)*x, anm3 xx*x(yxz) = (r*xy)*z
crenyer z * (y * x) = (2 * y) * . 3HAYUT, JOCTATOYHO MPOBEPUTH 9 TPOEK
BMecTO 27.

x(bxc)=bxa=b = dxc=(bxb)xc
x(bxd)=bxc=a = dxd=(bxb)xd
#«(cxb)=cxa=c = d*xb=(c*xc)xb
x(cxd)=cxb=a = dxd=(cxc)xd
x(dxb)=dxc=b = axb=(dxd)*b
x(dxc)=d+xb=c = axc=(dxd)xc
*(cxd)=bxb=d = axd=(b*xc)xd
(b d) (cx) =

( y=cxc=d = bxb=(cxd)xb

bxd
dx*b

C * =cxc=d = axd=

C *

Takum obpazom, omeparust aCCOMUATHBHA U anredpa sABASIeTCs MOJIYTPYII-
mo#t. Tak Kak B KaXKJ0i CTPOKE U B Ka2KJIOM CTOJIOIE BCE 3JIEMEHTHI BCTPe-
9al0TCs MO OJHOMY Paldy, TO y KarxKJ0ro ecthb obparwbiil sjement. Nrak,
JlaHHast ajaredpa sSBJIAETCsS abesieBOH TPYIIION.

IIpumep 1.3. A =N, x xy = min(x, y).
z, ecomz <Yy
Yy, ecam T >y
3HaunT, Pe3yaLTAT ONEpPAIK COBMAIAET C OJHUM W3 apryMEeHTOB W TIPHU-
Ha ekt N.

Eciu 2 < min(y, z), rox < yu x < z. CienoBarenbto, r*(y*xz) = x =
xxz=(x+*y)*z Ecam x > min(y, z), 10 = * (y * 2) = y * 2. Paccmorpum
JIBa Ciydas:

ITo ompenenenuio min(z,y) =

y<z = yrz=yySa(rry)rz=yrz
y>z = yxz=zz<zz<min(z,y);(z*xy)xz=2
13



I'JIABA 1. AJI'EBPANYECKHUE CTPYKTYPHI

B oboux caydasx acCOUaTMBHOCTD AOKa3aHa. JTa ajaredpa siB/IsieTCs Mo-
ayrpynmnoii. Kpome roro, min(y, ) = min(z, y) u min(x, ) = x. Onepanus
KOMMYTATHBHA ¥ HJEMIIOTEHTHA. DTO — [OIYPEIIETKA.

Ipumep 1.4. A = {{a}, {b},{a,b}}, xxy=znNy.

Tak xak {a}N{b} = ) & A, To nanHOE NEHCTBUE HE ABIAETCS OIEPATTHETT
Ha MHOXKecTBe A.

IIpumep 1.5. A = {{a}, {b},{a,b}}, xxy=2Uy.

N3BectHO, 94T0 0O6bEIUHEHTE MHOKECTB KOMMY TATHBHO M HJEMIIOTEHT-
no. Haiinem pesyibrar omnepanuy /st Iap PasiddHbIX djeMeHToB. 113
{a}U{b} ={a,b} € A, {a} U{a,b} = {a,b} € A, {b}U{a,b} = {a,b} € A
criestyer, 9To oObeIMHeHNe ABJIseTCs oneparyeii Ha MaoxkecrBe A. Tak Kak
xU(yUz) = (zUy)Uz, TO omepanus acConnaTHBHA. JTa anrebpa siBIseTcs
nonyrpynmnoii. Bosee toro, sro — nmonypermerka.

BagaHo MHOXKECTBO A ¢ oneparusMu CJIoKeHus U yMHOKeHus. I[Ipose-
PHUTH, 9TO 3Ta ajIredpa ABJISIETCS KOJIBIOM. EC/In 3TO KOJIBIIO, TO OTBETUTH
Ha BOIIPOCHI:

e Byner sin 0HO acCOIMATUBHBIM, KOMMYTATUBHBIM, C €IWHUIICH?
e SIBjIseTCst iU 3TO KOJBIO IETOCTHBIM, TEJIOM, TIOJIEM !

Ipumep 1.6. A = {a +bv/2]|a,b € Q}.

Iycts ¢1 = a1 +b1V2, co = ag+byv/2. Torna ¢ +co = a; +b1vV2+as+
b2v2 = (a1+a2)+ (b1 +b2)V2. Scuo, uro (a1+as), (b1+b2) € Quey+es €
A. ,Z[anee, C1:Co = al~a2+a1~b2ﬂ+blﬂ~a2+b1\/§~b2\@ = (a1~a2+2~b1~
b2)+(a1 -b2+a2~b1)\/§. HCHO, qTOo (a1 D) +2b1 'bg), (a1 ~b2—|—a2-b1) S @ n
c1-cy € A. I3BeCTHO, UTO CJIOYKEHWE THCEJT ACCOIMUATUBHO, KOMMYTaTUBHO
U uMeeT HeWTpasbHbIH 3jemMeHT 0 = 0 4 0 - V2. IIpoTHBOMIOMOKHBIM K
a + bv/2 6yner snement (—a) + (—b)v/2. Urak (A, +) asnserca abesesoit
IPYOION.

YMHOXKEHHE YnceT TUCTPUOYTHBHO OTHOCHTEIBHO CJIOKEHUsI, TIO9TOMY
A SBJISIETCS KOJIBLUOM, IIPUYEM OHO aCCOLMATUBHO U KOMMYTATUBHO. Ejiu-
Hunei 9Toro Kombma Oymer 1 = 14 0 - /2. JIns HeHyneBoro sieMenTa

—b
2 f%z + R V2. I3 mppanmonambHOCTH

uncia V2 caenyer, ato a? — 2b% # 0, TO3TOMY BCe HEHYJEBbIE 3JeMeHTHI
A 0bpaTUMBL. TO KOJBIO ABJISETCS TIOTIEM.

a+ b2 0oOpaTHBIM OyIeT

14



I'maBa 2

MaTrpunml

Marpureit mopsgaka m X n Ha3bIBAETCS MPAMOYTOIbHAS TaOIHUIA W3
3JIEMEHTOB II0JIsI, COCTOSINAA U3 M CTPOK U N CTOJAOMOB. MbI paccMOTpuM
TOJBKO TIOJIE BEIIECTBEHHBIX UNCEN, T.€. DJIEMEHTHI MATPUIILI SIBISTIOTCS
uncjaMu: a;;R.

Marpura A nmopsaxa m X n ¢ 3JIeMEHTaMU a;; OAPOOHO 3AIUIIETCH B
CITeTYTOIIEM BHUIE:

a1 ai12 . A1n

a921 a9 . a9n
A =

am1 QAm2 cee Qmn

O603Ha9UM CTPOKY MaTPHILl A ¢ HOMEpOM i depe3 A;, cToabder; Marpu-
LI C HOMEPOM j 4epes3 Aj MOKHO TOJTyIUTh KPATKYIO 3aITUCh MATPHUIIBI
Ay

—

A
A= = (AL A5 ... AL) = (ay),

Am
rnei=1,2,....m, j=12,...,n.
Marputisl mopsaka n X 7 Ha3bIBAIOT KBAIPATHBIMA MATPUIIAMH.
Hynepoit marpuneii O,,«, Ha3bIBAE€TCd HPSAMOYILOJbHAS MaTPUIA, BCE
3JIEMEHTBI KOTOPO# paBHbI Hy/10. Equnnanoit marpuneit Fy, «,, HA3bIBACTCs

15



I'JIABA 2. MATPHIIBI

KBaJIpaTHas MaTpPHIA, Y KOTOPOU HA IVIABHON JMArOHAJINA CTOAT €IUHUIIHI,
a BCe OCTAJIbHBIE 3JIEMEHTHI PABHBI HYITIO.

T BRI
0 0 0
0 0 1 0 i
0 0 0 1 00 0
Cywmwmoit marpui; A = (a;;) n B = (b;;) naswsaerca marpnna C' = (¢;5),
B KOTOPO#f ¢;; = a;j+b;;, tmet =1,2,...,m, j =1,2,...,n. Obo3nauenne:
A+B=C.

IIpoussenenuem Marpunsr A = (a;;) Ha IUCI0 k HA3BIBAETCS MATPUIA
B = (b;), B xotopoit b;; = kai;, toe i = 1,2,...,m, j=1,2,...,n.
O6o3nauenue: kA = B.

Tpancronmposannem  marpunel A = (a;;)  Ha3bIBaeTcs  mpe-
obpasosanne marpunbt A B wmarpuny AT = (a;;) aas mobeix
i=1,2,....m, j=1,2,...,n. Ilpu TPaHCHOHWPOBAHUH MATPHILI €€
CTPOKHU ¥ CTOJIOIBI MEHSIIOTCS POJISIMHE.

st mobbix aucen ky, ko, marpun, A, B u #ynesoit marpurpl O BbIIOJ-
HSIOTCSI PABEHCTBA:

(k1k2)A = ky (ko A),
A(kirks) = (Aky)ka,
(k1 + ko)A = k1A + koA,
k1(A+ B) =kiA+ kB,
(k1 A)ka = k1(Aks),
(A+B)T = AT 4+ BT,
(k1 A)T =k AT,
0-A=0-k =0.
JIoKa3aTeahCTBO PABEHCTB OCTABJIACTCA B KA9eCTBE YIPasKHCHHS.
IIpomssenenuem marpurpl A = (a;j)mxs Ha MaTpuy B = (bij)sxn
naspiBaercs mMarpuna C' = (Cij)mxn, B KOTOPOil ¢;j = XS: a;,byj, Toe
i=1,2,....m, j=12,...,n. Oboznauenne A - B = AB!C::1 C. Cneno-
BATEJILHO, JIJIs HAXOZK/ICHUS JIEMEHTA C;; Hy’KHO BCE SJIeMEHTBI -if cTpo-
KM MaTpUIbl A YMHOXKUTH H& COOTBETCTBYIONIME 3JIEMEHTBI j-I'O CTOJOLA
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MaTpPHIIbI Bu pe3yabTaT CJI0XKUTD. Hpa,BI/IJIO YMHOXKEHUA MaTpPUI MOZKHO
3alIucarTb:

A’l A’l'BiL El'B% “ e El'B;LL
A AyBY  Ay-BY ... Ay-B
Ap=|"7 |.BF BY ... BY=|""t T s
A, A,.-BY A,.Bf ... A, B!

Samedanue. Y MHOXKATH MATPUIYy A HA MATPHUIy B MOXKHO, €CJIA 9UCIIO0
CTOJIONOB MATPUIbl A COBIAIAET € YUCIOM CTPOK Marpuipl B.

Teopema. [ns mobbix marpun, A, B, C' u eguHngHO# MaTpunbl F
COOTBETCTBYIONINX PA3MEPOB BBIMOIHIIOTCS PABEHCTBA!

(AB)C = A(BC),
A(B+C) = AB + AC,
(A+ B)C = AC + BC,

(AB)T = BT AT,
AE=FA=A,
AO =0A = 0.

Hokazarenscrso B [1, ¢. 105-106].

OnpenenureneM KBagpaTHON MaTpuibl A TOpsSIKa 7 Ha3LIBAET-
C YHWCJIO, paBHOE ajirebpamdeckoil cymme n! mpousBeleHUi, BUIA:
10, 02as - - - na,, , TA€ HHIEKCHL (1, 02, . . . (ty, COCTABJISIOT HEKOTODYIO IIe-
pecranoBky u3 uucen 1,2, ..., n. [Ipoussenenne Gepercda co 3HAKOM ILITIOC,
€CJIM €0 NHAEKCbI COCTAaBJIAIOT Y€THYIO II€PEeCTaHOBKY, 1 CO 3HAKOM MHUHYC
— B MPOTHURBOMOJIOKHOM CIIyYae.

Ob6o3uauanue:
a1 a12 . A1n
a1 a2 e aon
|A] =] . . . .| = detA.
ap1 Ap2 ... Qpp

Ilycrs § — GyHKIMST 9eTHOCTH HA MHOXKECTBE IIEPECTAHOBOK, TOTIA

|A| = Z 0(ag,m,. .. p)a1a, 020 - - - Ana,, »

(a1,02,...an)
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I'JIABA 2. MATPHIIBI

rJie CyMMUPOBAHUE BEJIETCS 110 BCEM MEPECTAHOBAM (Y1, (g, . . . (ty, U3 THCEJI
1,2,....n.

CsoiicTBa onpejenureseii.

1. Onpegenurens He MEHSIETCS TIPU TPAHCTIOHUPOBAHUM.

2. OOmmit MHOKUTEIb 3JIEMEHTOB KaKON-T100 CTPOKY MOYKHO BHIHECTH
3a 3HAK OMPEIETATEs.

3. Eciiu omHa w3 CTPOK OmpeieTuTesiss COCTOUT U3 HyJel, TO Onpeeiu-
TeJIb PABEH HYJIIO.

4. Oupenenuresib, COAEPKAIIUN JIBE OJIMHAKOBBIE CTPOKHU, PABEH HYJIIO.

5. Ecim omma M3 CTPOK OMpeIeInTeNsl €CTh JUHeHHas KOMOWHAIIWS ero
JIPYTUX CTPOK, TO ONPEIEIUTENb PABEH HYJIIO.

6. Ecin B MaTpure A mOMeHATH MECTaMU JIBE CTPOKH, TO OIPEIETUTEh
[OJTy YeHHOM MATPUIlbl B 6y1eT paBeH OMpeaeuTenio MaTpuiibl A, B3gToMy
C MPOTUBOIOJIOXKHBIM 3HAKOM.

7. OnpemeauTeb, CoIepKAIInil IBe TPOMOPIMOHAILHBIE CTPOKHU, DABEH
HYJIIO.

8. Ecin s-s1 crpoka A, marpunsl A IpeicTaBaseTcss B BUIE CyMMBI
IBYX CJIaraeMbIX A”g + /TZ , TO ONPEIENHTENb MATPUILI A paBeH cymMMme
onpenenureneir marpun, A’ u A”, nonyuennnsix uz A 3ameHoil s-ii crpoku
coorsercrsenno crpokamu AL, A7 | A| =| A |+ | A" |.

9. OnpeeuTeIh HE MEHSIETCS, €CJIM K SJIEMEHTAM OJHOM M3 ero CTPOK
NpUOABJIAIOTCS COOTBETCTBEHHBIE JIEMEHTHI IPYTOH CTPOKHU, YMHOXKEHHBIE
HA OJHO W TO YK€ YHUCJIO.

10. Oupemenurens MATPUIBI HE MEHSETCs, €CJIA K OIHON U3 €ro CTPOK
npubasiigercsa obas JuHefiHAsS KOMOMHAIMS IPYTUX CTPOK.

11. Ectn A = (@) nxn, (01,2, ... 0p) — TPOU3BOILHAS MEPECTAHOBKA
gucen 1,2,...,nu

Aoy 1 Aoy 2 ... Qaqn
A=
a'anl a,anQ - Cl,ann
o | A |=d(an, e, ...am) | A|.
IIpu BBIYMCIEHUN ONpeneNuTeNel CIpaBe/ITHBbI PABEHCTBA:
| A" = A", [KA|=k"|A], |AB|=| A|-|B].

Hokazarenscrso B [1, ¢. 110-117].
[Mycrs gan ompejenuTesib MOPAAKA 1, GHCIO k, YAOBIETBOPSIIOIIEE
yenosuio 1 < k < n—1, B onpeenurese BLIOKPaeM MPOU3BOIbHBIE k CTPOK
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n k cronbmos. OnpenennTe/b MATPHUITHI, COCTABICHHON U3 9JIEMEHTOB, CTO-
AMAX HA TePecedeHnn dTUX CTPOK U CTOJIOIOB, HA3BIBAETCA MUHOPOM k-TO
MOPSAIKA JTAHHOTO OIPeaeTuTeNs.

i1, .. i
O6o3uauenune: My | .’ ""F) . Boibpamm k CTpOK ¢ HOMepamu
Ji, - Ik
i1,...,%x 1 k cTOJNOIIOB ¢ HOMEpaMu ji,...,Jk. VI3 OmpemeneHns BUIHO,
410
Aivgy  Qirgay -+ Qiggy,
M T A N R IR
Ji, - 5k ..
Ay jq Qi jo cee Qg

JlomoTHUTETHbHBIM MUHOPOM [Ij1sT MUHOPa M 4 KBagpaTHON Marpuibl A
HA3BIBAETCS ONPEIELJIUTEb, MATPUIIBI, TOJYUYEHHONH U3 A BbIYepKUBAHUEM
CTPOK C HOMEPAMH i1, ...,%, U CTOJOIOB C HOMEPAMH ji, ..., jr. ObO3HA-
qenne: C' Mz Mo k)
Jis e Sk

Anrebpamdeckum momnoHeHueM Iy MuHOopa M4 KBaJIparTHO Mar-
puribl A Ha3BIBAETCA €ro JOMOJHUTETbHBI MUHOD, YMHOXKEHHBIH Ha

(—1)rt-Fitiit ik Opozmagenme: C' M4 i‘l’ ’Z“k .
Ji, - 5Tk
[Tonywaem
CMa ’:1’ vi.k = (=1)attintittis O QL , i_lv ai.k .
jl) )jk .]17 R ’]k

Teopema Jlamutaca. Ilycrs B onpenenurene | A | mopsizka n npous-
BOJILHO BBIOpabl k ¢Tpok (uau k cronbros), 1 < k < n — 1. Torma cymma
MPOM3BEIEHNIT BCEX MUHOPOB k-TO MOPSIIKA, COAEPIKAIINECT B BHIOPAHHBIX
crpokax (croabrax), Ha UX ajrebpanveckue JONOJHEHUs PABHA OIPEJe-
aureso | A | .

A= 3 My <21 zk>CM4<21 zk)

1<51 < <jr<n Jis e 5k Ji e 5Tk

Cnencreue. Cymma mpou3BeIeHnil BCeX 3JIEMEHTOB JII000# cTpoKu (J110-
Goro cronbia) marpuilbl A Ha uX ajredpauvecKue JIONOJHEHWs DABHA
onpenenurento mMarpunbl A. Cymma mpousBefeHuit BCEX 3JTEMEHTOB JII0-
6oit crpoku (s11060ro crosbua) MaTpulbl HA ajredpanvecKue JIONOJIHEeH s
COOTBETCTBYIOLIMX 3JEMEHTOB JAPYroil crpoku (Apyroro croabua) sroi xe
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I'JIABA 2. MATPHIIBI

MaTpuIbl paBHa Hym0. [lomydaem

n
|A|: E aiinj, i:1,2,...,’l’b;
j=1

n
|A|:Zaiinj7 j:17237"'7n;
=1
n
> aijAi; =0, i k=1,2,...,n,i#k;
j=1

n
Zaiinj:Oa jak:1727"'7naj7éka
i=1

rae A;; - asreGpanmdeckoe JOLOJHEHHE IJIEMEHTa @;; JAHHOH MaTpHILL.
Anrebpanteckoe JONOTHEHHE 3JEMEHTA (;; BBIYUCIAETCS CIeLy0muM 00-
pa3oM:
1. HaxoauM MWHOD 371€MEHTa a;;, T.e. MUHOp (n — 1)-ro mopsiaxa, mo-
JIyHaIOIIUICA U3 MCXOMHOTO ONPEIEUTENIs BHIMePKABAHUEM -1 CTPOKH W
j-ro cronbra. Obozmazenue: M;;.
o— (1)t

2. Ajj = (—1)"MIM;;.

Ksanparnas marpuna A Ha3bIBAETCS HEBBIPOKIEHHON, ecm | A |# 0,
B MPOTUBHOM CJIydae MAaTPUILA, HA3BIBAETCS BHIPOXKICHHOIN.

Marpuneil, IpucoeIuHeHHOI K MaTpulle A, Ha3bIBaeTCs MaTPUILa

Ain Aar ... Am

. A12 AQQ A Ang
A* = _

Aln A2n oo Ann

Marpuna A~! naspiBaercs o6paTHOil K Marpuie A, eciiu BLIIOTHAETCH
ycjioBue
AAT ' =A'A=E,

e E — equHngHAS MATPHIA TOTO XKe MOpsaKa, 9T0 U Marpuna A.
Teopema. Besikasi HEBBIPOXKIEHHAS MATPHUIA UMEET OOPATHYIO.
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ObparHasg MaTpuIla, HAXOAUTCHA TIO HOPMYJIE:

All A21 e Anl
1 1 Alg AQQ - AnQ
Al = — A= — | o i
[ A LA Do
Ay Ao ... Apyp
CaoiicTBa 00paTHONW MATPHUIIHL:
1

—1 o .
(AB)™' =B7'A™
—INT _ (AT L
(A7) =(47) .
Cucremoil TUHENHBIX YPABHEHUIT, COMEpKAIIEH M yPABHEHUIA U 1 HEU3-
BECTHBIX, Ha3bIBAETCA CUCTEMA BHUIA

a1121 + a12%2 + - -+ + a1 Ty = by,
a21%1 + A22T2 + - -+ + A2p Ty = by,

am1%1 + AmaZ2 + - - + QppTn = bma

rie 9ucaa a;;, ¢ = 1,2,...,m, j = 1,2,...,n Ha3pBafoTca KO3 buImen-
TAMU CHCTEMbI, YUCJIa b; — CBOOOIHBIMU YI€HAME, T; — HEU3BECTHLIMU.

B MarpuyHOM BHE CHCTEMa JIMHEHHBIX YPaBHEHUI 3alIMChIBATCI B BH-
ge: AX = B. Buecb A — marpuna cucreMmbl, X — BEKTOp-CTO/I0€L, Hen3-
BECTHBIX, B — BEKTOP-CTOJIOEI] CBOOOTHBIX UJIEHOB:

a11 a2 ... Qin Z1 b1

ag1 a9 N aon, o bg
A= X = ,B=

aAml1 Am2 ... OGmn Ln bm

Permennem cuctemMbl JIMHEHHBIX ypPaBHEHUWH HA3BIBAETCSA YTOPSIOYEH-
HBII HAOOP U3 M YHCEJI, TIPY TOCTAHOBKE KOTOPHIX BMECTO HEN3BECTHBIX B
CHCTEMY BCE YPABHEHUS CHCTEMbBI OOPAIAIOTCS B BEPHBIE PABEHCTBA.

Cucrema NUHEHHBIX ypABHEHUI HA3BIBAETCS COBMECTHOM, €CITH OHA

uMeer XOTsi ObI OJHO peIlleHne, W HeCOBMECTHO, €Cjii OHA He WMeeT HHU
OJIHOI'O pelleHud.
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I'JIABA 2. MATPHIIBI

CoBMecTHast cucTeMa HA3BIBAETCS OIPEIEIEHHON, €CIM OHA WMEeT
€/IMHCTBEHHOE PeIlleHre, U HeOIPEIeIeHHO, ec/ii OHA mMeeT Oosiee OHOrO
penieHus.

UccnenoBarsh cucteMy JTUHEHHBIX YPABHEHNH — 3HAYUT BBISCHUTH, COB-
MeCcTHa OHa WaH HeT. Ecim coBMecTHa, TO HAlTH ee pereHue.

Pemrenne HEBBIPDOKIEHHBIX CUCTEM JIMHEHHBIX YpAaBHEHUN CpeICTBAMHA
MAaTPAYHOTO UCYUCTEHNSA. PACCMOTPUM CUCTEMY 7l TMHEHHBIX yPABHEHUI C
7. HEM3BECTHBIMU:

a1171 + a12T2 + - - + a1, Ty = by,
a21%1 + A22T2 + - - - + A2p Ty, = by,

unn B Mmarpudnoii popme: AX = B.

Marpurnia A cucrembl KBaJIpaTHasl, OMPEICTUTENb TOM MATPUIIBI HA3BI-
BaeTCsl ONPEJIeTUTENIEM CUCTEMbI JUHEHHbIX ypaBHenuil. Eciu onpenesu-
TeJIb CHCTEMbl OTJIMY€EH OT HyJisd, TO CHCTEMa JIMHEHHDbIX yPABHEHUIA HA3bI-
BAETCS HEBBIPOKAEHHOM. B 3TOM cityuae perenne HaxoauTcst mo popmyie:

X =A"'B.

OTOT CrIOCOD perneHnsi HA3bIBAIOT MATPUIHBIM CIIOCOOOM DEITIEHNS CHCTEM
nuHeitHbIxX ypapaenuii. CymecTByIOT Apyrue Crocobbl PEIeHnit CHCTeM JTH-
HelibIX ypaBHenuii [5, ¢. 21-33].

Pemenue marpuunbix ypasuennii (A, B, X — MaTpUIbI COOTBETCTBYIO-
MIUX pPa3MepHOCTeH):

AX=B=X=A"'B,

XA=B= X=DBA"!,

AX+B=kC=X=A"YkC - B),

XA+B=kC=X=(kC—-DB)A™ L.

2.1. 3agaum

Perure cucremy ypasaenwuit cpeicTBaMu MATPUIHOIO UCUUCTICHUS

r1 + 229 + 33 = 2, 3x1 + x9 — 3x3 = 17,
2.1 T —To+2x3=17, 2.2 2x1 — x9 — 223 = 3,
—x1 + 2xo + 43 = —3; r1 — 2x9 + 4x3 = —15;

22



2.1. BAJTAYN

2.3

2.5

2.6

2.8

2.9

2.10

2.11

2.12

2.13

Txy 4+ 220 + 423 =17,
3x1 + 629 + 3 = 14,
5x1 4+ 9x0 + 11z = 12;

3x1 + 3x2 + 3x3 =0,
Ty — 5$2 — 82123 = 18,
2x1 + 429 + 623 = —6;

5x1 + Txo + 83 = 26,
7.701 + 8932 + 51’3 = 23,
8$1 + 51’2 + 71’3 = 11;

72131 — Ty — 5$3 = *29,
7.’E1 +x3 = 467
—bx1 — 229 + Tz = —8;

9$1 — 21’2 + 24%3 = 49,
2x1 — x9 + 1223 = 27,
3x1 — bao + 48x3 = 118;

1+ 22 + 23 = —1,
3x1 + 629 + 43 = 4,
921 4 365 + 1623 = 64;

x1 — T2 + 203 =4,
—2x7 4+ 3x9 — 323 = —1,
41 — dxg + by = 22;

3x1 4+ dxo + Txg = —3,
5x1 + 229 + dag = 4,
7.701 + 4’132 + 6333 = 6;

x1 + 1225 4+ 1923 = 60,
714.%1 + o + 171’3 = 9,
—1921 — 1320+ z3=—54;

10x1 + 8332 + 61‘3 = 50,
5.’E1 + 51’2 + 41’3 = —5,
1221 + 329 4 223 = 230;

1,4x1+3,2x2+6,1w3:—39,

10x14+522+152x3=—100,
1221 + 329 + 223 = 22;

.t':
—_
>~

2.15

2.16

o
=
~

2.18

2.19

2.20

2.21

2.22

2.23

——  —/ /Y /Y /N

23x1 + 2bxy + 2723 = 37,
—x1 — 2x9 + 43 = 6,
3x1 + 322 + 33 = 3;

T1 + dx9 + 2513 = 23,
x1 + Txe + 4923 = 13,
1 + 8562 + 641’3 = 5;

—2x1 + Txg — 323 = 37,
—5x1 + 9 — 3 = —36,
741‘1 + 2‘%2721’3:718;

12$1+11$2+10$3:—4,
9581 + 151‘2 + 3173 = 6,
4$1 + 8992 = 5;

2x1 + 322 + 3x3 =4,
4581 + 8:62 + 81’3 = 47
6.’£1 + 91’2 + 10%3 = 1].;

—21‘2 —|— 2,133 = 4,
72%1 + 4%2 —+ 5563 = 21,
T, — dx9 + 43 = 3;

3I1 + 2:62 + 31’3 = 47
2.%1 + T2+ 23 = 3,
dx1 — 4xs + 223 = 20;

—T1 — 21‘2 - 3(133 = *26,
dxy + 229 + 223 = 28,
2,5x1 — 229 + x3 = —3;

13%1 + 22 + 21’3 = 710,
xr1 + ].].LCQ — 3$5 = 7,
21 — 3x9 + Txg = 2;

I +3.’E2 +3$3 = 8,
3x1 + 29 + 223 =7,
2x1 + 3x2 +x3 =09;



2.24

2.25

2.26

2.27

2.28

2.29

2.30

2.31

2.32

2.2.

Pemure marpuunbie ypasHenust

——— /Y — — —/

4x1 + bxrg — 223 =1,
2x1 + Txo — 3x3 = —2,
3x1 4+ x9 + 223 = 0;

3x1 + 29 —x3 = —9,
T1 + 229 — 3x3 = —1,
2x1 — x9 + x3 = —5;

x1+ w2+ a3 =1,
T1 + 229 + 323 =0,
x1 + 4xs + 923 = —4;

1 — 25(}2 — X3 = —5,
T1 + 2x9 — 223 = 2,
3x1 + x9 — dxy = —2;

T, — 229 +x3 = —2,
T1 + 229 + 223 =1,
3x1 4+ x9 + 43 = 0;

3x1 — 3x9 + 223 =1,
4x1 — bxrg + 33 =1,
5x1 — 6x9 + dag = 3;

21 + 3z2 — 223 = 0,
T+ 229 +x3 = —1,
31 + 4xo + 223 = 1;

T + 229 + 3 = 8,
T + T + 3x3 = 12,
To + 23 = 95;

—4x1 — 3x9 + 3 = 5,
T1 — 229 + 223 = —1,
31 4+ 229 — x3 = 4;

YnpakHeHud

2.33

2.34

2.35

2.36

2.37

2.38

2.39

2.40

I'JIABA 2. MATPHIIBI

T, + 320 — 23 = 29,
r1 — 2x9 + x3 = —14,
—4x1 + 229 — 23 = 11;

4581 + 3582 — X3 = 17,
72%1 — X2 —+ 4CE3 = 74,
2.’E1 + Ty — 6533 = 2;

r1 + 229 + 33 = 13,
256’1 — X9 — X3 = —3,
x1 + 3xo + 43 = 18;

211 + x9 + x3 = 3,
I1+21}2—1‘3:0,
$171'2+£L'3:12;

T — 2.’E2 + 3.’E3 = 2,
2x1 — 3x90 + Txg =17,
3x1 — 4x9 + bxg = 6;

T + 229 = 10,
3x1 + 229 + 3 = 23,
To + 2z3 = 13;

4561 + SLEQ — X3 = 14,
—2(E1 — X2 =+ 4%3 = —3,
51‘1 + 3%2 — 21‘3 = 16;

2x1 + a9 +2x3 =05,
3r1 + 229 +3x3 =38,
—2x1 4+ 3x9 + 623 =T.



2.2. YIIPA2KHEHU A

2
-21.
-1

0
-7
0

243 X -

16
0].
7 22

4
-2

7
0
5 13 20

248 X -
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TVIABA 2. MATPHUIIBI
2.3. Ilpumepsl pereHnda 3aJaHUiA

IIpumep 2.1. BoraucauTh npon3BeaeHne MAaTPHIIL:

2 3 1 -6 5
A=| 3 5 —2|,B=[ 2 -4
-8 7 5 3 -2
A, A, -Bf A, -B}
AB= (A, |- (Bl B})=|A4,-Bf A, B}
A 13- Bf A B}
Ap=(2,3,1), Ay = (3,5,-2), Ay = (-8, 7, 5),
—6 5
Br=| 2 |,Bi=| -4
3 -2
2 3 1 6 5
AB=| 3 5 -2 2 4| =
-8 7 5 3 -2
2-(—6)+3-2+1-3 2.5+3-(—4)+1-(-2)
= 3-(=6)+5-24(=2)-3 3-54+5-(—4)+(-2)-(-2) | =
(—8) - (—=6)4+7-2+5-3 (—8)-5+7-(—4)+5-(—2)
. -1
= -14 -1
77 78

Ilpumep 2.2. Pemmnth cucreMy JUHEHHBLIX ypaBHEHHH CpPEICTBAMHA
MATPUYHOIO UCUUCICHUS

21’1 71’2+I3:O,
31’1 +2$2 - 5CC3 = 1,
x1 + 3x9 — 223 = 4.

Pemenne. O6o3na4uMm

2 -1 1 1 0
A=[3 2 5], X=|x]|,B=[1
1 3 -2 T3 4

B marpuunoM Buae cucrema 3amumnercsa kak AX = B. Haiizem ompe-
JIeTATENTb CHCTEMBI:

2 -1 1
|A] =3 2 —5|=2-2.(=2)+1-3-3+(=1)-(=5)-1—
1 3 -2
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2.3. IPUMEPHI PEIIEHIST 3ATAHITT
~1-2:1-2-(=5)-3—(=1)-3-(~=2) = —8+9+5—2+30—6 = 28,

Jlms HaxoKIeHus OOpATHON MATPHUIIBI CHAYMAJIA BBIMHUIIEM ajaredbpamntde-
CKH€ JIOMOJHEHMWSI:

2 =5 -1 1 -1 1
A11=’3 _2’2147 A21=—‘3 _2‘217 1‘1312‘2 _5‘_37
3 -5 2 1 2 1
Ajp=— ‘ 1 2‘ =1, A ’ 1 2’ =-5, Aszp=- ‘ 3 5‘ =13,
3 2 2 -1 2 -1
A13:‘1 3’:11, Aggz—‘l 3‘:—77 A33:‘3 2‘:7

[Tosrygaem obpaTHyio MaTpHILy
1 A11 A21 A31 1 14 1 3
A_l = — Alg A22 A32 = % 1 -5 13
AT \ A Ay A 11 -7 7
Tenepn HaiizieM HEeM3BECTHBIE:
1 14 1 3 0 1 13

X = AilB:% 1 -5 13 1= % 47
1 -7 7 4 21
Perernem cucreMbl TUHEHHBIX YPABHEHUN SABJISIIOTCS YHCJIA,

L3 a3
1_287 2_287 3_4-
IIposepxka:
13 47 3 26—47+21
2-— = —4+-=—=0,
28 28 4 28
13 47 3 39494 -105
R I S |
3 28 * 28 g 4 28 ’
1 4 1 —
B g 4r , 3_B+ui-42
28 28 4 28
IIpumep 2.3. Pemnth MarpudHOe ypaBHEHHE
1 10 5 —1 2
21 2]X=|-6 4 6
0 1 1 -2 07
Perienne:

Marpuutnoe ypapHenue umeer Buj; AX = B, pelleHne HaXOIUTCH IO

dbopmyne: X = A~'B. Haitmem A71.
27



I'JIABA 2. MATPHIIBI

1 1 0
|A| =2 1 2/=-3,
0 1 1
1 2 1 0 1
All—‘l 1‘——1, 1421——1 11=5 Az = 1
2 2 1 0
A12——‘0 1’2—2, AzzZ‘O 1’21, A32=—‘
2 1 1 1 1
A13_’0 1’_27 A237*0 11=-5 Asz = 9
A* = A12 A22 A32 = —2 1 —2
Ais Axz Ass 2 -1 -1
[Tomygaem obpaTHyio MaTpHILy
1 -1 -1 2
Al =— | -2 1 -2
=\ 2 1
Haiimem X.
1
X=A"'B=_—A*B.
| A
-1 -1 2 5 —1 2
AB=(-2 1 —2||-6 4 6=
2 -1 -1 —2 0 7
-54+6+(-4) 1+(-4)+0 —-2+-16+14
=|-10+(-6)+4 24+4+0 —4+6+ (—14)
10+6+2 -2+ (-4)+0 4+ (-6)+(=7)
-3 -3 6
= | —12 6 —12
18 -6 -9
1 -3 =3 6 1 1 -2
X = 3 —12 6 —12 4 -2 4
- 18 -6 -9 —6 2 3

28
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2.3. IPUMEPKI PEIIIEHUS 3A/TAHUI
IIpumep 2.4. Paznarasg mo cTpoke, BBIYUCIUTD OMPEIETATEND:

-5 1 3 —4
2 0 1 -1
3 1 -1 2
1 =5 3 -3

Al =

Pemenne: Pazmoxum 3TOoT ompeaeuresb Mo Bropoii crpoke. Mcmomb3yem
dbopmymy: A;j = (—1)"7M;;.

| A| = ag1A21 + aAas + asz Aoz + a2a Aoy =

1 3 —4 -5 1 —4 -5 1 3
=2 1 -1 2[+0-| 3 1 2[+(-1| 3 1 -1|=
-5 3 -3 1 -5 -3 1 -5 3

=-2(3—-12-30+20-64+9)—(15+60+24+4—-504+9) — (=15 —45 —
—1—-3+4+25—-9) =32—40+ 48 = 40.

ITpumep 2.5. Ucnonb3ysa Teopemy Jlamnaca, BEIYUCIUTD OIPeIen-
TeJIb:

-1 -1 3 -1 0
0 2 0 -1 -4

|A| =| 1 -3 2 -2 1|
-3 -1 -2 2 1
o0 3 0 1 3

Pemmenwne: Pazoxkum 3T0T onpeneinTesis Mo mepBOMY U TPeTheMy CTOJIOIY,
TaK KaK B HUX PACIOJIOKEHBI HYJIH.
Boimumem MEHOPBI 2-10 MOPSIIKA, HAXOAAIIHAECS B 3TUX CTOIOIAX.

ai1  ais -1 3
MA(%%): as1  as3 :’ 1 2‘:_5'

a11 a3 -1 3
MA(%%): G41 Q43 :‘_3 _2‘:11

a3z1 Aass 1 2
MA(?%): a41 Qa3 :‘_3 —9 =4.

Brimumem anre6panquKI/Ie JOIIOJTHEHUA JaHHBIX MUHOPOB.

_— ) ) ) _|@22 a24  a2s
CMa(13) = ()" CMA (1) = (D)™ oy as ass

as52 As54 G55

29



I'JIABA 2. MATPHIIBI

2 -1 4
=|-1 2 1] =44
3 1 3

a2 A24 G25
CMa(15) = (D)8 0MA (1) = (1) agy aga ass| =
as2  Aas4 G55

2 -1 —4
=(-1)|-3 -2 1|=38.
31 3

. . ) _|@12 414 a1s
CMy($5) = (1T CMA (F5) = ()™ agy ass azs| =
G52 As4 G55

-1 -1 0
(1| 2 -1 —4|=-17.
3 1 3
|Al=Ma (13) CMa(13)+Ma(15)-CMa(]35)+Ma(335)CMa(3) =

= (=5)-44+11-3844 - (—17) = 130.
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I'maBa 3

MHuoroujieHbI

Boipaxkenne suga f(x) = ag + a1z + axx® + -+ + a,ax", rae
ap, a1, as, . .., a, R, nEN, HA3LIBAETCSH MHOTOWIECHOM (HJIU TTOJUHOMOM) OT
MEepPEMEHHON T HAI TIOJIeM AeiCTBATENbHBIX Ynces. Yucna ag, . . . , @, HA3BI-
BAIOTCA KOIPPUITMEHTAMIA MHOTOUIEHA, a UHUCJI0 N — er0 CTeIeHbIO, eCJIn
an # 0.

MHOTO4JIeHBI HYJI€BOH CTEMEHN — 3TO SJIEMEHTHI TIOJIS.

Crenens MHOrOwIeHa f() obo3nauaercs depes deg f(z). Muorounenst
MOXKHO CKJIAJBIBATH U ME€PEMHOXKATH, IPUIEM

deg(f(z) + g(x)) < maz{deg f(z),deg g(x)},

deg (f(2)g(x)) = deg f(x) + deg g(x).

ITpengioxkenue. MHOKECTBO MHOIOUYIEHOB SBJISETCH ACCOMUATHBHBIM U
KOMMYTATUBHBIM KOJIBIIOM C €IUHUIIEH.

Kosbiio muorounenos oboznagaercs depes R[zx].

Sameuanne. Bmecto nosrst R B kagecTBe KO3DDUIMEHTOB MOXKHO B3Th
moste komtiekCHbIX dnces C . Ilogyumm KOIbIIO, KOTOpOE 0003HAYAETCS
gepes C[z].

bpr® €R[x] paBmbl, ecm
0

Muorousenst f(z) = Y. apz® u g(x) =

n n
k=0 k=
ag :bk szl,..‘,n.
n S
Oycrs f(z) = Y arpa® u g(x) = 3 bra® € R[z] u, nanpumep, n > s.
k=0 k=0
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I'JIABA 3. MHOI'OYJIEHBI

n n—+s
Muorousenst h(z) = 3. cpa® u p(x) = Y dpr* HazwBatoTes cymmoit
k=0 k=0

U [POM3BEJIEHUEM COOTBETCTBEHHO MHOrOwIeHoB f(x) u g(x) u obo3nava-
1oTCs:

h=f+g,
p:fga
ecan
¢ = aj + by, npuuem upu n > S, bsy1,...,b, =0
dy, = Z abj, k=0,1, ...,n+s.

i+i=k

IIpengoxenne. Ilycres f(x) u g(x)eR[x] u g(x) #0. Torma cy-
LIECTBYET €JMHCTBEHHAs Hapa Takux MHOrouneHos ¢(x) um r(x), 4ro
f(x) = q(@)g(z) + r(z), 0 < degr(x) < degg(x).

Muorowien ¢(x) na3biBaercst (HEIOJHBIM) YACTHBIM OT JIEJIEHHUs] MHO-
rounena f(x) ma muorowren g(x), a r(z) — ocrarkom. Ecmu r(z) = 0, 0
roBopsT, uro f(x) nennres Ha g(x). B arom ciaydae g(x) Ha3bIBaeTCS €M~
rejiem MuOro4sIeHa f(x), a ¢(x) — npocTo yacTHbIM. B pesysbrare uMeeM:

f(z) r(x)

@) :q(ac)—km.

Ecin muorounen f(x) mesmnrces (Haresno) Ha MHOTOWIeH g(z), TO Gyaem 3To

obozmauars: f(z):g(x).
CBoiicTBa 1€JIMMOCTH MHOI'OYJICHOB.

1) f(2):g(2), 9(x) h(x) = f(2) h(z).
2) f(z):p(),9(x) p(x) = (f(a) £ g(x))  p().
3) f(2):p(x) = f(2) - g(x):0(2), Yg(x).

4) Berun fi(x), fo(z), -, fr(x)  @(x), TO HA @ AEMUTCS W MHOTOUICH
f@)gr(x) + -+ fe(x)gr (), vae gi(x) — TPOM3BOIBHBIC MHOIOUICHBL.

5) Besikmit MuOrOunen f(z) memmrcs Ha 000# MHOTOWIEH HYyJIEBO
CTETICHH.

6) f(x):p(x) = f(z):c-p(x),Ve # 0.

7) Muorounenst f(z) u g(x) ONHOBPEMEHHO JeNsdTCs APYr Ha Jpyra
< g(x) =cf(x),c #0.
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Henenue muorowiena f(x) Ha MHOro4wIeH ¢(x) ¢ OCTATKOM BBINOJIHSI-
€TCsl «YTOJIKOM», TAHHBIA METOJI OCYIIECTBIISIETCS CASIYIONNM 00Pa30M:

f(x) = apz™ + ap_12" 14 - g(z) = bpx™ + - -
_(a’nb;len_m . g(a«:)> — _(an$n+ .. ) anb;len—m + e — q(m)
fi(x)

r(z)
IIycTs
f(@) = ana" + ap_12"" '+ a1z + aq,
g(x) = bmxm + bmflxm_1 + blx + bO;

rae deg f(x) > degg(z) n an, by, # 0. PaccMoTpuM MHOTOUIIEH
fi(@) = f(z) — anby 'z ™g(z).

Ecin deg f1(z) < deg g(x), To
4(x) = apbp 2" r(2) = fi(@).

Ecin deg f1(z) > degg(z), o nenmmm f1(x) va f(z) n T.a. Hoayuanm muO-
rOYJIeH BHJIA:

n—m—1 +

n—m
q(x) = cn—mz + Cn—m—1% -+ c1x + Co,

deg (f(x) — gq(x)g(x)) < deg g(x). Homyunnu () — HEMOIHOE YACTHOE OT
nesienust MHOro4sieHa f(x) Ha mHOroweH ¢g(x), a OCTaATKOM OT JeJIeHus
6yaer muorowien r(z) = f(z) — q(z)g(x).

Bnagenuem MHOro4waeHa f(2) = apa™ +a,_12" 1 +- a1 +ag B TOUKE
a€R Ha3BIBAIOT YMCIIO, PABHOE

f(Q) = ana™ 4+ ap_10™ 4+ aya + ag.

o — KopeHb MHoOrouseHa f(z), ecim f(a) = 0.

Teopema Besy. Ocrarok ot genenns noboro muorouieHa f(z)€R[z]
Ha ay4neH (r — ¢)€R[z], c€ER, paBen 3nHadenuio f(c). B gacrnocru, f(x)
Jequres Ha (x — ¢) Torga u ToiabKo torga, koraa f(c¢) = 0 ( ¢ — kopeHb
MHOI'OYJIEHA).
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I'JIABA 3. MHOI'OYJIEHBI

Joka3aTesbCTBO TEOpEMBI IpUBEAEHO B [1, c. 179].
,ZLHH BbIYUCJIEHUA YaCTHOI'O U OCTAaTKa OT JeJIEHUd MHOI'OYJIEHA

f(@) = apa™ + an_13"" '+ a1z + ag

Ha JBy4ieH (T — ¢) o4eHb y00HO ucnosb30BaTh cxemy Lopuepa.
3amnonausercsa TabInIa,

Qnp (p—1 ag
clan="by|an_1+by-c=by_1| - |ag+b-c=b

BepxHsist cTpoKa KOTOpOoit — 910 Ko3bdunneHTs MHOTOWIEHa f (), KOadh-
PUIMUEHTH HUKHEH CTPOKW BBIYHCISIOTCS MO PEKYPPEHTHBIM (hOPMYJIaM:
bn:an, bi:ai+b¢+1c,i:O,l,...,n—l.

ITonyaennsie aucna by, b, 1, ..., b1 ABASOTCA KOI(DPUITHEHTAME TACT-
HOTO OT sesieHuss MHOrOUwIeHa f(x) Ha nBywien (x — c¢), a by — OCTATKOM
= bg = f(c). To ectb

f@)=(z—c)(bpz" t +by12" %+ -+ bax + by) + bo.

C momormmpio cxembl ['OpHEpa MOXKHO pemiaTs TaKue THIBL 33/aM:

1) naiitu g(x) u r upu genennn f(z) va (z — c);

2) BblYMC/IUTD 3HaYeHue muorowiena f(x) upu x = c;

3) BBIACHUTD OyJeT Jin & = ¢ KOpHeM MHOrowieHa f(x);

4) orpesesnTh KPATHOCTH KODHSI;

5) pa3JIOoKHUTh MHOTOYIEH IO CTENeHAM (T — ¢).

Muorowien ¢(x) Ha3biBaeTcs OOLMM JEIUTEIEM JJIf MHOIOYJIECHOB
f(x) u g(x), ecau oH ciryRKUT HenuTesNeM i KaXKIOro M3 THX MHOIO-
YJIEHOB.

HawGoabmmm obimm geanresneM (HO/L) oTIHYHBIX OT HyJst MHOTOUJIe-
uoB f(x) u g(z) u3 Rlx] HaspiBaeTcs Takoit MuHOorousen d(z)ER[x], koTopsrit
SABJIAETCH WX OOIIMM JEJIUTEeIeMH, CaM JIEJUTCH Ha 000N Apyroit oOrmmii
JIeJIUTEIb ITUX MHOIOUIEHOB.

O6osunagenne: HOZ(f(x), g(x)) = (f(z),g(x)) .

HenyseBoit MHOTOUWIEH €O cTapIuM KO3MMUIMEHTOM, PABHBIM €IWHW-
116, HA3BIBAIOT YHUTAPHBIM.

Teopema. Ilycrs ganbl asa muorownena f(x) u g(x), orudHbIE OT
HYJIsI, TOTJA CYIIECTBYEeT €IWHCTBEHHBIN YHUTAPHBIH HAMOOJBIINHA OOIImIit
JIeJIUTeIb ITUX MHOIOUJIEHOB.

Asnropurm Esknumma naxoxpenus HOJL nByx MHOro4i€HOB.
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ITycrs nansr gBa MHOTOUsIEHA f(x) U g(T), OTIMYHBIE OT HYyJIs, IPUYEM

deg f(z) > degg(z), ecnu f(z):g(x), ro g(z) u ecrs HOJI. B nporusrOM
citydae paszzgenum f(x) ¢ ocrarkom Ha g(x) :

f(@) = g(x) - qu(z) + ri(z).

ITocsie aroro pazmenum g(z) ¢ ocTarkoM Ha 71 () :

g(x) = r1(2) - ga2() + 7r3().

Ecsn r9(x) = 0, TO mporiecc 3aKoHYeH, a ecin ro # 0, To pasgennum ri(x)
C OCTATKOM Ha 72(x) :

ri(z) = ra(x) - g3(x) + r3(z).

ITpomosizKaeM 9TO MpoIiece, MoKa, He MOy YUTCs OCTATOK, PABHBIN HYJIIO, TaK
KaK CTeleHN OCTATKOB MOCTOSTHHO yObIBaIOT. UTak, ecin r, (x) — mocsexamnit
HEHYJIEBOI 0CTaTOK, TO Tyt1(z) =0 u (f(2),g9(x)) = rn(x) = d(x).

Teopema. Eciu (f(z),g(x)) = d(z), To cymecrByoT Takue MHOTOYJIe-
ubl u(z), v(z)€R|[z], aro HOJIL MoxKer ObITH HPEACTABIEH B BUIE

d(z) = f(z)u(z) + g(z)v(z),

npudeM, eciu deg f(z) > 0 u degg(z) > 0, To u(x),v(x) MOXKHO BBIGPATH
tak, 4ro degu(z) < degg(x), degv(z) < deg f(x).

Jokazarenbcrso reopembl 1puseseHo B [1, c. 184].

HawnGonwimuii obInii 1enTeh MHOTOUJIEHOB OMPEeIeIsieTcss JIUIIL C
TOYHOCTBIO 10 MHOYKUTEJIS crapiieil crenenn. Bes3 morepu o6IIHOCTH MOXK-
HO CUHMTATh, 9TO crapiuii koaddurmuent HO/L paBen emxumurre.

Muorounensr f(x), g(x)€R[z] Ha3bBaOTCH B3aUMHO IPOCTBHIMH, €CIIH
(f(2),g(x)) = 1.

Teopema. (Kpurepnii B3auMHOIN MPOCTOTHI MHOTOUJIEHOR )

Muorounensr f(z), g(x)€R[x] B3auMHO IPOCTEL TOLJA U TOJILKO TOL/A,
KOIZa

Su(z), v(x)eR[z] : f@)ulz) + g(z)u(z) = 1.

JlokazaTeabCTBO TEOPEMbl OCTAETCS B KAYECTBE YIPAKHEHUS .
CaoiicTBa B3aMHO TPOCTBIX MHOIOYJIEHOB.

L (f(2),9(z)) = 1, (f(2),h(x)) = 1 = (f(2), g(x)h(x)) = 1.

2. (f(2),9(2)) = 1, (9(2)h(2)) : f(x) = h(z): ().
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I'JIABA 3. MHOI'OYJIEHBI

3. (f(x),9(x)) = 1, h(x): f(x), h(x) :g(x) = h(z): (f(2)g()).

4. (f(2),9(x)) = d(@),d(z) #0 = (5, 523) = 1.

Hammenbuum obmum kparasiv (HOK) muorounenos f(x) u g(z) us
R[z] naspiBaercsa Taxoit muorowien k(x)€ER[z], koropbiii o61asaer caeny-
IOIIUMHU CBOMCTBAMM:

1) k(z) — obiee kparnoe muorousnenos f(x), g(x);

2) eciu ki(z) — moboe obmee kparnoe f(z), g(z), To ki(z): k(z).

O6osnauenue: HOK(f(z), g(x)).

J1s HaxXOXxK/A€HUs HAMEHBINEro OOLIEro KPaTHOrO JBYX MHOIOYJIEHOB
MOXKHO WCIOJIb30BaTh CBS3b MEXKJy HAHUOONBIIAM OOIIUM JeJINTeeM |
HAMMEHBITAM OOIAM KPATHBIM:

HOT(f (x), g(x)) HOK (£ (2), g(x)) = () - g(x).

Henurens d(x)ER[z] muorourena f(z)€R[z] HasbiBaercs coOGCTBEH-
ubiM, ecsin 0 < degd(z) < deg f(x). B nporusrom ciaygae — HecobGerBen-
HBIM.

MHuorounen f(x)ER[x] HA3bIBaeTCS HEMPUBOANMBIM B Kojble R[z], ec-
mu deg f(x) > 0 u f(x) He numeer coberBenHbIX genureneii B R[z]. Muoro-
“JIeH, uMerouii cobcTBeHHbIe AenuTenu B R[], HA3BIBACTCSA IPUBOMMBIM.

MHorowIeH HyJIeBOil CTEMeHN W HyJIEeBOH MHOTOYIEH He SIBISIOTCS HU
NPUBOANMBIME, HA HEMPUBOAUMBIMH.

VYrsepxaenue. Muorounen f(z)€R[z] upusonum <

f(x) = g(x) - h(z), deg f(z) > degg(x), deg f(x) > degh(x).

JlokazaTenbCTBO OYEBUIHO.

Yreepxkaerue. Muorowren f(z)€R[z] npu 2 < deg f(z) < 3 nenpuso-
qum Hag R roraa u Tonbko Torna, xorna f(x) e mmeer kopueii B R.

JoKa3aTebcTBO CeayeT u3 TeopeMsl Besy.

Cnencrsue. B konbue R[x] HepasnoKuMbIMu ABISIOTCA MHOIOYJIEHB
[epBoil CTeleHH, a TaKKe KBAIPATHBIE TPEXTLICHBI

ax?® 4+ br +c¢,D < 0.

Teopema. f(z)€R[z] — nenpusoaumMserit Muorowier. Torma

1) Vg(z)eRlz] : g(x): f(z) wmu (f(x), g(x)) = 1;

2) Vg(z), h(z)eR[z] : g()h(x): f(z) = g(o): f(z) wam h(z): f(2);
3) ecam g(x)€R[z] — HempUBOAMMBII MHOTOUIIEH
= (f(z),g9(z)) =1 mubo f(z) = kg(x), keR.
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Teopema. Jlio6oit muorowren f(z)€R[z] deg f(x) > 0 ambo HenmpuBo-
aum Haa R, mubo pasiaraercsa B IPOU3BEICHNE HEIPUBOIUMBIX HA R MHO-
ro4JIeHOB. PazjioxkeHne OZHO3HAYHO C TOYHOCTHIO [0 IE€PECTAHOBKU MHO-
JKUTEJIeH.

n n
fx)=an(x —a)™ ... - (x—ag)™-
2 m 2 m
(@t pre4+q)™ (27 psa +gs)™
Bce comHOX)ATEN MOMAPHO PA3MAIHBI, (1,3 ... X — PA3IUIHDBIE JI€H-
CTBUTENIbHBIE KODHH MHOrowieHa f(x), p% —4q; < 0,4 = 1,2,...,5 1

deg f(z)=nm1+ ... +ng+2(m1+ ... +my). Yncnanj, j =1,2,... .k
HA3BIBAIOTCS KPATHOCTHIO KOPHS ).

TeopeMa 0 panMOHAJIbHBLIX KOPHSX MHorowieHa. Eciu muoro-
anen f(r) = apx™ +an_12" "1+ a7 + ag ¢ nenbiMu KosbdumuenTamu

. p . .
uMeeT PalMOHAJbHBIR KOPEeHb T = —, TO Gg P 4 Ay, . q.
q

p
HoxazarenbcTBo: [lycTh uncimo rg = — KOpeHb MHOTOUJIEHA
q

f(l‘) =apxr" + an—lxn_l + -4+ aix+ a9 =

n n—1
) () o))
q q q q

YMHOXKNAM PaBEHCTBO HA ", MOJJYIHM:
p q, y

1

anp™ + an_1p" g+ +aipgd" T +agg" &

anp” = —q(an_1p" "t + - a1p "2 + apg" ).

[To ycaoBuro k03ddurimeHTs a; — MeIble YUCIa = MHOXKHUTEb B CKOOKE
— IIeJIOe YKCJIO = IpaBas U JieBas 4acTh PABEHCTBA, JEJINTCA Ha ¢. ducio

P He JIEJIUTCH Ha ¢ , TAK KaK WHa4Ye APo0b ObLiaa ObI COKPATHMONR = ay, : q.

AHAJIOrMYHO JIOKA3bIBAETCH, YTO ag : p. Teopema 10Ka3aHa.

OTa Teopema MO3BOJISIET HA MPAKTHUKE JIETKO HAXOAWTH KOPHU MHOTO-
9JIEHA B TOM CJIy9ae, KOrJAa Bce KOIMPUIMEHTHI MHOTOUIEHA — [IEJIBIE TUC-
na, crapmuii KoadGUIHEHT paBeH eIUHUIE, & KOPEHb — PAIMOHATBHOE
qucyio. Eciu mesioe 9uciio siByisiercsi KOpHEM MHOTOYJIEHA, TO OHO SBJISeT-
cst JlesiaresieM CBOOOTHOIO YIeHA dg.
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I'TABA 3. MHOI'OYJIEHEI
3.1. 3Baaaum

Haiigure manbGospmmit obumii nesqurens MHorowrenoB f(x) u g(x).
ITpoBepbTe TyTeM Pa3JI0KEHUS HA MHOKUTEIIH.

r) = 22% — 32% — 8x — 3, g(x) = 2% + 31 + 2.

=23 4+22-92-9,g(z) =2® —x — 2.

)
(z)
()
34 f(x)=22%+52% +2 -2, g(x) =2%—22 - 3.
3.5 f(z) =23 + 622 + 11z + 6, g(z) = 22% + 3z + 1.
3.6 f(x)=a%+22%—5x—6, g(x) =222 +2 — 2.
3.7 f(z) =23 +422 + 2 — 6, g(x) = 22 + 3 + 2.
3.8 f(x) =23 —62% + 112 —6, g(x) = 2% — 2 — 2.
3.9 f(x) =2 +42 + 16, g(x) = 2% + 42 + 3.
3.10 f(z) =2 — 622 + 11z — 6, g(x) = 22 — 22 — 3.
3.11 f(x) =223+ 322 — 32 — 2, g(x) = 222 + 32 + 1.
312 f(z) =224+ 2* -5z +2,g(x) =22 +2—1
(z)
(z)

=223 — T2 + 22 + 3, g(x) = 2% — 3z + 2.
3.15 1f(x) =23 — 2% — 4o + 4, g(x) = 22 + 22 — 3.

3.16 f(z) =223 + 2% — 5z +2, g(z) = 22 — 4o + 3.
317 f(z) =23+ 42®> + 2 — 6, g(x) =222 —x — 1.
3.18 f(z) —Tx+6, g(z) = 222 — 3z + 1.

3.19 f(z) =%+ 622+ 11z +6, g(x) = 2> + 2 — 2.
3.20 f(x) — 42?2 + 2 +6, g(z) = 2% — 3z + 2.
321 f(x) =2+ 622 + 112 + 6, g(z) = 2% + 2z — 3.
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3.1. BAJTAYN
3.22 f(x) =a® +422 + 1 -6, g(x) = 22 — 4o + 3.

3.23 f(x) =223 - 322 —8x -3, g(x) =222 —z — 1.

324 f(z) =223 +522+2 -2, g(z) =22% — 3z + 1.

3.25 f(z) =223 —T2? + T2 — 2, g(x) = 22% + 3x — 2.

3.26 f(x) =% +22% — bz — 6g(x) = 22 + 5x + 6.

327 f(x)=at+23-322 —dx -1, g(x) =23 + 2% — 2 — 1.
3.28 f(z) =a* + 523 — 722 — 52 + 6, g(x) = 22 + 5z — 6.
3.29 f(x) =a® — 822+ 13z — 6, g(x) = 322 — 16 + 13.
3.30 f(z) =223 — 2% — 5z +4, g(z) =222 + 2 — 3.

3.31 f(x) = 323 — 2222 + 30z + 27, g(x) = 2% — 8z + 15.
3.32 f(z) =% — 922 + 232 — 15, g(v) = 2% — 8x + 7.

3.33 f(x) = 2% + 323 — 22 — 42 — 3, g(x) = 323 + 1022 + 22 — 3.
334 f(x)=a*+ 23 +222+ 2+ 1, g(z) =23 — 222 + v — 2.
3.35 f(x) =23+ 322 -2, g(z) =23 + 2> + 2 + 2.

3.36 f(z)=a'—4dx+4, g(z) =23 - 222 + 2 — 2.

337 f(z)=a®+2% -2, gla) =23+ 22—z — 1.

3.38 f(z) =2+ 62% + 11z + 6, g(z) = 23 + T2? + 14z + 8.
3.39 f(z) =at+ 223 -3, g(w) = 2% — 222 — 2 + 2.

3.40 f(z) =625+ 22* —52° — 2 — 3, g(x) = 22% — 32 + 1.
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I'TIABA 3. MHOI'OYJIEHBI
3.2. VYnpaKHeHud
IMonb3yscek cxemoit Toprepa, pazioxurh MHOrowneH f(x) mo cremnensm
(z — xp).

341 f(x)=a* + 23+ 222 + 2+ 1, 29 = —1.

(z)
342 f(x) =a* +323 — 2% — 42 — 3, 19 = 1.
343 f(z) =23 + 2% —dw — 4, 29 = 2.
344 f(z) =2+ 223 -3, 29 = 1.
3.45 f(z) =a* + 523 — 72?2 — 52+ 6, 39 = —1.
3.46 f(z)=2*—a23+222 52— 6,10 =3
347 f(x)=a*+ a3 - 322 —dx — 1, 29 = 2.
348 f(x) =% — 622+ 11z — 6, 20 = —3.

(
349 f(x) =2 —dx +4, 29 = -2.
3.50 f(x) =2 — 62" + 2% + 11z — 6, zo = —1.

Yemy paBeH IOKa3aTeab KPATHOCTH KOPHSA T = g JJis MHOIOYIEHA
f ().
351 f(x) =% — bat + 723 — 222 + 4o — 8, xp = 2.
3.52 f(x)
3.53 f(x)
3.54 f(z) = a® — 62 + 223 + 3622 — 27Tz — 54, 29 = 3.

x® 4+ Tzt + 1623 + 822 — 162 — 16, 29 = —2.

32 + 2z + 23 — 102 — 8, zp = —1.

Hajiitun manmenbinee obIee KpaTHOE MHOTOUJIEHOB.
3.55 f(z) =223 —32% — 8z — 3, g(v) = 2% + 3z + 2.
3.56 f(zx)=a23+22—-92 -9, g(x) =2> —x — 2.

()
357 f(z) =23+ 2% —dx — 4, g(x) = 2% + 4z + 3.
3.58 f(z) =223 + 522+ 2 -2, g(x) =22 — 22 — 3.
3.58 f(x) = 2% + 622+ 11z +6, g(r) = 222 + 32 + 1.
3.60 f(x)=a®+22% -5z —6, g(x) =222+ 2 — 2.
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3.3. IPUMEPBI PEIIIEHUS 3ATAHUIT
3.3. Ilpumeps penieHus 3aaHUin

IIpumep 3.1. Pazgenurs muorouses f(z) wa MHOrodwiex g(x) ¢ ocrar-

KOM.
220 -3z —b5a? +z —6 | 2*+323+5
—(22°  +62° + 1022 ) 222 —62 + 15
—62° —3z* —b523 —1022 +xr —6
— (=625 —182* — 30z )
152* —52% — 1022 + 31z —6
— (152" +4523 + 75)

— 5023 — 1022 + 31z — 81

q(r) = 222 — 62 + 15 — Hemo/IHOE YacTHOE,
r(z) = —502% — 1022 + 31z — 81 — ocrarok.

IIpumep 3.2. Haiitu mambosnbimumii oOmuit AeIUTE b MHOTOYIEHOB
f(z) mg(x).

f(x) = 25+ 321 —1223 5222 —520—12, g(x) = 2*+32% — 622 — 222 — 12

x® +3x* — 1223 —5222 —522 12 |x4 +323 — 622 — 222 — 12
—(a® 432" —62° 2202120 )| «
— 623 3022 —402 —12

IIpumensas amropurm EBKInma K MHOrOWIEHAM C MEIBIMA KO3 UIIHEH-
TaMM, MOXKHO u306eKaTh JAPOOHBIX KodddunmenTos. s atoro 6ymzem mo-
MHOXKATh (JI€JIMTh) IEJMMOE WUJIK JIEJTUTEb Ha MHOXKUTEIN, O3BOJISIONINE
u30aBUTHCS OT APOoOHBIX KOdd dunuenTos. Tak kak HOJI HaxomuTtcs ¢ To4-
HOCTBIO JIO MHOYKUTEJISI, TO HA PE3YJIHTAT BHIYUCIEHUIN ITO BJIUATH HE OYy/IET.
B namem npumepe JOMHOXKMM MHOTOUYIeH ¢g(x) Ha 3, & OCTATOK pa3e-
UM Ha —2, TaKuM 00pa30M, IMEPBBI OCTATOK ITOCTE COKPAIIEHHS Ha —2
pasen r1(z) = 3% + 1522 + 20z + 6. deaum na nero muorowusen 3 g(x) :

3zt 4+92% 1822 —66x —36 | 323 +152% 4202 +6
—(3z*  +1523+202% +6x Nz —2
— 623 3822 —72x —36
— (=623 -3022 —40x —12)
—8z% — 32z — 24
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Cokpatnm Ha —8 = ro(x) = 22 + 4z + 3. Torza nmeem:

323 +1522 420z +6 |2? +4x+3
—(32® +122% +9z )| 3z+3
322 +11z +6
— (322 +122 +9)

-z —3

Cokparum Ha —1 = r3(x) = = + 3. Homywaem:

2?2 +4z +3 |z +3
— (2% +3x Ner+1
T 7 13

—(x+3)
)

Tak kak ro(x) = r3(z) - (x 4+ 1), T0 r35(x) OyIET TEM MOCJIETHUM OCTATKOM,
Ha KOTOPBIH HAIEJIO JEJIUTCS MpeecTByomuil ocrarok. CieaoBaTebHo,
OH Oy/IeT MCKOMBIM HAMOOIBIITNM OOIIAM JeTUTEIEM MHOTOUIEHOB:

(f(2),9(z)) = = + 3.

IIpumep 3.3.Haiitu naubonbinuii obmuii gejuresns maorodsexon f(x)
u g(z). [lpousBecTy IPOBEPKY IyTEM DA3IOKEHUS HA MHOKUTEJIH.
flx) =z — 2122 + 762 — 84, g(x) = 23 + 422 — 122

xt 21224762 —84 |z3+4z2%2 — 122

—(z* 42 1222 )| =z
—4x® —922 476z —84
— (—423 —162%2 +48z )
Tx% 428z — 84

Paznemum 7x? + 287 — 84 na 7 u nonyuum r(z) = 22 + 4z — 12. Tak kak
g(x) = r(z) -z, ro r(x) Gyser ocraTKoM, Ha KOTODbI JEJIUTCH MHOIOYJIEH
g(z). Caenosarensuo, d(z) = (f(z),g(z)) = 2? + 4z — 12.
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3.3. IPUMEPBI PEIIEHIS 3ATAHUI

Pa3iiokuM MHOTOUYJICHBI Ha MHOXKHTEJIA:
g(x) = 2® +42? — 120 =z - (2% + 42 — 12) = 2(z — 2)(x + 6),

flx)=a* — 2122 + 762 — 84 = (22 + 42— 12) - (2® — 4z +7) =
=(x— 2)(35—1—6)(1‘2 —4x+7).

Mmuorounen z2 — 4x + 7 nenpuBonnM (Tak Kak He UMeeT JeifiCTBUTeTbHBIX
KopHeif), 3Haunt, d(z) = 2 + 4x — 12.
IIpumep 3.4. Pazioxurb Muorowien f(z) Ha MHOXKUTEJU.

f(z) =2 — 32% — 102 + 16.

Pemenue: ap=16, u ecim y MHOro4jeHa eCTb I[eJjble KOPHH, TO
OHM SIBJISIOTCS JEIUTENsAMN dnucia 16. 9TO MOTYT OBITH TOJHKO UHCIA
+1,4+2,+4,+4,+8,+16. HemocpeacTBeHHOW MPOBEPKOIN MOJydaeM, UTO
f(2) =0, g = 2 — kopeHb MHOrOUIEHA f(I).

Pasmenmnm f(z) = 2® — 322 — 62 + 16 nma (r — 2), ucnomb3ys cxemy

Topmepa.

as a2 a1 ao
claz=0bs | as+bs-c=by | ay+by-c=bi | ag+bi-c=by

Nwmeem c =2, a3 =1, a3 = -3, a1 = — — 6, ap = 16.

1] -3 —6 16
2 1 [—3+1-2= —1|—6+(—1)-2= —8 [16+(—12) - 2=0

Taxum 06pazoM, HCKOMoe JacTHoe oyner q(x) = 22 — x — 8.

Paznoxkum muorodnen q(z) = 22 — z — 8 na Muoxuremm. D = 33 =
4e) =%~ 6= (5 1f) (5 - Ley).

[Tonygaem paziokenne HA MHOXKHATEJH

F@) = (z —2) <x—1_2\/§> <x—1+2\/§>

IIpumep 3.5. C momoribo cxembl [OpHEpa OMpeIenTh, ABISCTCA JIH

9UCTI0 T = —3 KOpHEM MHOI'OYJIeHa

f(z) = 2 4+ 82% 4+ 192 + 822 4 27.
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I'JIABA 3. MHOI'OYJIEHBI

Ecnu saBisiercs, 70 HATH €r0 KPATHOCTD.
Pemenne: Bocronb3yemcs cxemoit T'opaepa

1 81 191 9| 0] 27

=311 51 41-3191] 0

=311 21 -2 0

—-311] -1 1

-3|1]-41] 13
W13 Bropoii cTpouky TabIuIBl = T = —3 — KOpeHb MHOrow€ieHa f(x).
W3 Tperbeit crpouku Tabnuipl = g = —3 — KOPEHb KPATHOCTH > 2.
N3 gerBepTOii CTPOYKY TAOIUILI = Ty = —3 — KOPEHb KPATHOCTH > 3.
W3 naroit crpoykn Tabsmibl = g = —3 — KOPEHb KPATHOCTH = 3.

= f(z) =2° + 82" + 192° + 822 + 27 = (z + 3)3(2? — z + 1).

ITpumep 3.6. Paznowxuts muorounen f(x) = z° —4a3 + 622 — 8z + 10
no crenensm (z — 2).
Pemenne: Bocmonmb3yemcs cxemoit T'oprepa

11 0)1-4] 6]-8]10
211 2 0 61 4]18
211 4 22| 48
211] 6] 2062
211] 8] 36
211]10

Orciona
flz) = [[[[1(x—2)+10](x—2)+36] (z-2)+62] (w—2)+48] (¢ —2) +18.

PackpbiB ckoOKH, momydaem

f(z) = (z —2)° +10(z — 2)* + 36(z — 2)® + 62(z — 2)? + 48(z — 2) + 18.
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3.3. IPUMEPBI PEIIEHIS 3ATAHUI

IIpumep 3.7. Haiitu nanmvenbinee 00Iiee KpaTHOE MHOTOYJIEHOB
f@)=2*+2-2 g(z) =2 +2* -2 - 1.

Pemenne. Cuavana naiinem HOJI MmHOrO9I€HOB.

3 +z =223 42? - -1
—(23+2% —x-1)| 1

—2? 42z —1
2> 4a? —r —1|-2?+22-1
— (23 —22% +2 )‘ —z—3
322 -2z —1
— (322 —6x+3)
T 4z 4

Paznennm 4z — 4 na 4, nonyunm x — 1

—z2 42z —1 rz—1
—(=2? +z |-z +1
r —1

—(z-1)
0

—2?+2z —1=(z—1)(-z+1),=d(z) = (f(z),9(z)) =2 - 1.
Wcnonbp3yem paBeHCTBO
d(z) - HOK(f(x),g(z)) = (z — 1) - HOKf(z), g(x)) =
=f(x)-g(x)=(2*+2—-2)(2®+ 2% —z —1).

-2 +22—z—
Orkysa HOK(f(x), g(z)) = &+ 2= 2"+ D _

z—1
_ (r—1)(@?+2+2) (@3 +22—2-1)

=@ +r+2)(@®+2%—2—1)=2a%+ 22+ 223 - 32 — 2.
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I'nmaBa 4

KoMmiiiekcapie amceiia

Harypasbabie dquciia BO3HUKIN KaK €CTECTBEHHOE 0000IIeHre TOHATUS
KOJTUYIECTBA MpeaMeToB. it Toro 94ro0bl BbIMUTAHUE OBLIO BCIOIY OIpe-
JIEJIEHHO# onepanueil, ObLIn BBEJEHDL 1EJIble YUCIIa, KOTOPbIE MOI'YyT ObITh
OTPHUIATEIHLHBIMUA. AHAJOTUYHO JIJIst OCYIIECTBIICHUS JEJICHUsT TIPUXOIUTCS
BBECTH MHOYKECTBO PAIMOHAIBHBIX dnces (Q, KoTophie 00pa3yioT moJe OT-
HOCHUTEILHO CIOXKEeHUs U yMHOX)eHust. Craenyomuii mar abcTpakiyum — pac-
CMATPUBATH TAKOE MHOXKECTBO YUCEIT, B KOTOPOM MOXKHO U3BJIEKATH KOPHU,
T. €. IPOU3BOJUTD JleficTBUE, OOPATHOE K BO3BEJEHUIO B creneHb. MuOXKe-
CTBA JEHCTBUTEIBHBIX YHCEJ R HEJOCTATOYHO, TAK KAK KBAJAPATHBIA KO-
PEHb W3 OTPHUIATEIHLHOTO YHUCJIA HE SBJISIETCS IEHCTBUTEIHHBIM YUCJIOM.
IlosTomy BBemeM HOBBIN 3JIEMEHT ¢ = v/—1, Ha3BIBAEMBIH MHIMOH €THHH-
1eit, 1 PACCMOTPUM MHOXKECTBO BCEX BhIpaxkeHwuit Buaa a + bi, rae a, beER.
1o Oyner MHOXKECTBO KOMILTeKcHbX duces C.

KowmriutekcHbie 9ncia MOKHO CIUTATH YHOPSIOYEHHBIMY TAPAMU THCET
(a,b), vae a,beER | st KOTOPBIX LOHATUS PABEHCTBA, CyMMbI, IIPOU3BE-
JIEHUST ¥ OTOXKJIECTBJIEHUS] HEKOTOPBIX AP C JeHCTBUTEIHHBIMU UUCIAMU
BBOJISITCS COTJIACHO CJIEIYIOIINM AKCHOMAM:

1. Pasencrro map (a,b), (¢, b)

(a,b) = (¢,d) @ a=c,b=d.

2. Cymmoii map (a,b), (c,b) naspiBaerca mapa

(a,b) + (¢,d) = (a+ ¢, b+ d).

3. Ilpoussenenne nap (a,b), (¢,b) HasbiBaercs mapa

(a,b) - (¢,d) = (ac — bd, ad + bc).

4. ITapa (a,0) OTOXKAECTBIAETCS C YUCIOM Q
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(a,0) =a

N3 3 n 4 akcnom = m(a, b) = (ma, mb). Heiicreurensuo, m = (m,0) =
m(a,b) = (m,0)(a,b) = (ma—0-b,mb+0-a) = (ma,mb).

Jtst 3a/IaHHBIX MEfCTBUN BBIIOJIHSIIOTCS CJAEAYyIONHe CBOMCTBA:

1. (a,b) 4 (¢,d) = (¢,d) + (a,b) KOMMYTATUBHOCTD CJIOXKEHUSI.

2. ((a,b) + (¢,d)) + (g9, h) = (a,b) + ((¢,d) + (g, h)) acconmaruBHOCTD
CJIOKEHUSI.

3. ITapa (0,0) = 0 — HeATPATLHBI SJIEMEHT TIO CIIOKEHNIO,

(a,b) +(0,0) = (a, b);

4. Tlapa (—a, —b) mpoTuBONOIOKHAS JJist Taps! (a, b),

(a,B) + (~a, ~b) = (0,0).

5. (a,b) - (¢,d) = (¢,d) - (a,b) KOMMYTATHBHOCTH Y MHOKEHHS.
6. ((a’7b) (C d)) ( h’) (avb) ’ (g7h) + (Ca d) ’ (gvh)a
(00" (0.0) 4 (0.0) = 0, 1)- 0,0 + (3 () amcspuymaomocs

7. ((a,b) - (¢,d)) - (g,h) = (a,b) - ((¢,d) - (g, h)) accouuaTuBHOCTH yMHO-

8. Hapa (1,0) = 1 — HeliTpAJbHBIA 3JIEMEHT TI0 YMHOMKEHHIO,
(a,0)(1,0) = (a,b).

CrremoBaTeIbHO, KOMIIJIEKCHBIE YHCJIA COCTABJISIIOT KOMMYTATHBHOE aC-
COIIMATUBHOE KOJIBIIO C €IUHUIIEH.

Maper (a,b), (a, —b) HA3BIBAIOTCS COMPSIZKEHHBIMHU,

(a,b)(a,—b) = a® + b*.

9. s mo6oit maps! (a,b) # (0,0) cymecrByer obpaTHast

a b

@)™ = arm ~arw

[Tosrygaem, 94T0 KOMILIEKCHBIE 9HCJ/Ia 00Pa3yioT MMoJie, KOTOpoe 0003Ha-
gnm C. Asnrebpanueckas (popMa 3amucH KOMITJIEKCHOTO YHCIa 2 = a + b,
(a,beR) cooTBeTcTBYET MApe

(a.b) = (,0) + (0,b) = (a,0) + (b,0)(0, 1) = a + bi.

Temepp MHEMAS e,lII/IHI/II_La i = (0,1), a m3 3 cmemyer, uT0 i’ =
(0,1)(0,1) = (~1,0) =

B aarebpamueckoii (bopMe a = Rez,b = Imz, rme Re z Ha3bIBaeTCs
JEeNCTBATEJIbHON 4acThlO, & Imz — MHUMON YaCThI0 KOMILJIEKCHOIO YHUCJIA
z.

IIycts 21 = a1 + b1 4, 22 = ag + by i, TOTIA
z14+2z2=a1+az+ (b1 +b2)i

Z1 22 = ajag — blbg + (albg + blaz)i

21 aiaz +biba  asby —aiby 1

= i=21 2y
29 a3 + b3 a3 + b3




I'JIABA 4. KOMIIJIEKCHBIE YHCJIA

KowmriekcHoe 9mciio, ConpsizkeHHOE K 9UCay 2z = a + bi obo3Havaercs
Z=a—bi.

IIycts 21 = a1 + b1 4, 20 = as + b i, TOTAA BBIMOTHSAIOTCS CJT€TYIOTIE

PaBEHCTBA!
1. 71 = 215
2. 21 T2 =21 £ 75
3. 2122 = 71 * Z3;
4.7 V=21 2 £0;
5. z1 + 71 = 2ay;
6. 21—71:2b1i;
7. 071 = a3 + b3

z1 Z1
8. — = —,%2 7é 0.
22 22
Jloka3aTembCTBO PABEHCTB OCTAETCS B KAMECTBE YIPAXKHEHUIL.

KoMmiekcHoe 9ncso n300parxKaeTcss paauyc-BeKTOPOM, HATaI0 KOTOPO-
ro Haxogures B Touke (0;0), a Korer B Touke (a;b) (puc.4.1).

Y
| O . (a:b)

|
|
|
i
Y
:
Arg z i

b

a X

Puc. 4.1. Moaynbs n apryMeHT KOMJIEKCHOT'O UHCIIa,

MosyneM KOMILIEKCHOIO YHCIa 2 = a + b4 Ha3BbIBACTCA JIJIMHA BEKTOPA
z u obosnauaerca |z| : |z| = vVa? 4+ b2, |2] =20, |z| =0< {a=0,b=0}.

Yron ¢ MeXkIy pajmyc-BEKTOPOM TOYKH z W MOJOKUTETBHBIM Ha-
npapyeaneM ocu O HA3bIBACTCA apryMEHTOM YHCIa 2 U 0D03HAYAETCH
Argz. AprymenT uucna z onpelensiercs ¢ TOYHOCTBIO JI0 KPATHOIO 27.
Argz = {p + 27k, k€Z}. Apryment ana z = 0 He onpeaeses.
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[aBHBIM 3HAYEHMEM apryMEHTa Ha3blBaeTcd 3HadeHue e(—m, 7.
O6o3nauenue argz. Arg z = argz + 27k, k€Z. [naBroe 3naguenue apry-
MeHTa onpeaensaercs hopMyJIoi:

arctg —, ecia a > 0,
a

b
arctg — +m, ecmma <0,b>0,
a

— — b
¢ = arg(z) = arctg — — 7, ecmma <0,b <0,
a
%, ecima = 0,b > 0,

ecma=0,b<0.

Tpuronomerpudeckast GopMa 3auCH KOMILTEKCHOTO YUCTIA:
z = |z|(cos p + isin ).

Ilycts mamwr gBa mcaa

z1 = |2z1|(cos p1 +isinpy), 29 = |22|(cos g + isinpy).

Torma MOmy/ib TPOU3BEIEHUsT KOMIIIEKCHBIX YHCET DABEH MPOU3BEjIe-
HUIO MOJYJIEil, a apryMeHT [IPOU3BEJEHUs] — CyMMe apryMeHTOB.

21+ 22 = |z1] - |22](cos(p1 + p2) +isin(pr + ¢2)).

Momynb 9acTHOrO ABYX KOMILJIEKCHBIX YHCEJI PABEH MOJIYJIIO JEJIUMOTO,
JIEJIEHHOMY Ha, MOJYJb JEJIUTENIsI, a apryMeHT IMOJIyYaeTCs BBIYUTAHUEM
apryMeHTa JeJTUTeNss U3 apryMeHTa JeJIUMOro.

L @(cos(gol — @9) +isin(p1 — v2)).

) |ZQ|

27t = |2| 7L (cos(—¢) + isin(—yp)).

JloKa3aTeabCTBO OCTAETCS B KAYECTBE YIPAXKHEHUS.

N3 hopmyibl i yMHOKEHAST KOMIIEKCHBIX 9HCEN, 33/IaHHBIX B TPHU-
rOHOMeTpHU4IecKoil popme, moaydaercsa dpopmyna Myaspa

2" = (Jz[(cos p + ising))"” = |z]"(cosng + i sinnp), nEZ.

Kopenb n-it crenenn n3 KOMIJIEKCHOTO YHUCJIA 2 UMEET N PA3IUIHBIX 3HA-
qeHuil U HaXOIUTCs 1o opmyIe:

2rk 2mk
Wz = \"‘/|z|(cosso+ il +isin<'0jL il ),k:O,l,...,nfl.
n n
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I'JIABA 4. KOMIIJIEKCHBIE YHUCJIA

Ncnonb3ysa dbopmyiy Diinepa e*¥ = cos ¢ + 7Sin ¢ MOXKHO HOJIY4YUTH
HoKazaTesbHyo (OPMY 3alKMCH KOMIUIEKCHOTO YUCIa z = |z|e*?.

Eciu z1 = |21|€%¥1, 29 = |22]€*?2, 1O cupaBe/jiuBbl PaBEHCTBA:
a_lal
22 |2
Kopnu n-it crenenn u3 1 B mokasaresbHON (opme nMeroT Bu

2129 = |21| . |32‘ei(801+<ﬂ2), etlpr1—p2)

2nki

ap=e » , k=0,1...n—1.

B uwacrHOCTH, MHOXKECTBO KOpHE#t n-it crenenu u3 1 00pa3yior mo yMHOXKe-
HUTO MUKJINIECKYIO TPYIITY, u30MOpdHYy0 abeneBoii rpyime Z, Mo CIOXKe-
HUIO.

4.1. 3Bagaun

Boimoaurs geiictBus. Pesynprar 3ammncars B anarebpamdeckoit popme.

1 3)\° 7\°
- 1——
41 g_ Z i 17 | = _222, T
—2-8i\° 62 —6—2\°
4.2 1 +1°4, 4.8 444
-t 1+ 32 ’
s B 13+i\*
-5+ +
2 4 78 4.9 38
b ( 3+5‘ e (7—6Z> e
— 2
; 5 L0 (BH2 7+1122
—2—-61
.\ D
2 _ 8’L 14 4 11 *7 — 127, 341
5 <—4—i> +1%, —12+ 7 ’
2 2
144 3410
4.6 +1 i IS 412 +732 it
2+ 5 5+ i
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4.1. BAJTAYN

4.13

4.14

4.15

4.16

4.17

4.18

4.19

4.20

4.21

4.22

4.2

w

4.24

4.25

4.26

-8
1—§i

1— i

e

(1 —4i)(—1+ ) 4%

3—2i ’
-7
2i+ 3
31+ 2 59
1 + 51
(i—1)?
2455
2—Ti
3+ 4i

+104%° — (2 + 1),

- (3 - i)zv

:57
—74°7,

+i™ — (3 +14)2,

1 243
- 63 -
YU T s
2 4i
3+
(2—14)(3+1) ;45

3+ 2i ’

3+ 2+4 1+
1+ 1—4

. 2 .

51 3—2

1 =17

(3+4i> 1060+ ==,

642 243
3-7i 245
—9+3i 2430 ..
1—2 P

i201+ +(1—i)27

+ 74137

51

4.27

4.28

4.29

4.30

4.31

4.32

4.33

4.34

4.35

4.36

4.37

4.38

4.39

(1+D)2—i) 142
(5—1i) 2+i ’
G-ip 1 1
2+ 31 1—1 24107
5 \°
13 173
(3+4¢>( 0+ 8,
(i-12 1 1
243 1 —1 24107
(1+)@2-3) 1+2 1
(3—1i) 1+ 20
. -3
L
4 1 _’_2'267
21 + —
2+2
3\ 4
1+ =2
2 _ 718
3+ 2 ’
21— 3
1 -\ 2 _ ;66
(1+14) +i+1 396,
(5+D)B+5) 1+2i .o
21 2+1 ’
(5+i)(7.—6i)_1+z:+4i33,
341 1—14
(H’l)si 1 1498
(1-14)3 i+3 ’
5-7i\" ., 6-Ti
3
l—zi
-189
54 | T



I'JIABA 4. KOMIIJIEKCHBIE YHUCJIA

5 -3
4- 24
4.40 2 + 4168,
5
— — 43
2

4.2. YnpaKHeHud
IIpeacraBbTe wmco:
® B TPUTOHOMETPUIECKOIl (popme;

e B IIOKA3aTEIbHON (hopme.

Boruucaure 20,

441 —/3—1, 4.46 1 —+/3i,
4.42 2/3 + 2i, 4.47 2+ 2V/3i,
4.43 —3v/3 + 3i, 4.48 —1 — /34,
4.44 4/3 + 4i, 4.49 —3 — 3/3i,
4.45 5 — 5i, 4.50 —2 — 2i

Haiitr xopHn ypapmenns z2 + 2o = 0.

4.51 2y = 2+ 2v/3i, 4.54 29 =1—/3i,

4.52 zp =3 — 1, 4.55 ZOZ—\/g—i,
1 V3

4.53 zZo — 5 — 77/, 4.56 zZ0 — —1—1q.

4.3. Ilpmmepsl pelneHusd 3aJaHU

IIpumep 4.1.

Bemosauts aefictBus. Pesynbprar 3amucars B ajredpanieckoil popme.
1 5\7°

—

+ Z’123
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4.3. IIPUMEPBI PEIIEHIS 3ATAHUI

YrpocTuM BhIparKeHHE, CTOAIIee B CKOOKaX. /JOMHOXKNUM YUCIUTEb U
3HAMEHaTeb, Ha YUCJIO0, COMPIKEHHOe K 3HAMEHATEO0.

(;— ;) (5—1) - %(1_52-)(5_@) B %(5—2’—252’—&-5@'2)

G+i)b—i)  (G+i)(5-i) 25 — 2
2
26 2

BOBBQ,HGM TIOJIyYUBITIeE€CA 9YUCJIO B CTEIEHDb

i\ ° 2\° 25 32 324 82i _ .
_— = —— = —_—— = —— = — = —— = 1.
2 i i5 i Qi 1

i123 — 2'4-30+3 = —

31ech UCIMOIL30BAJIA CBOMNCTBA CTENEHN YUCIA, 1 :
0=1,i'=4,i?=—1,=—i,i*=1,...,i*%tr =
[Tonygaem

1 5\7°

—

2 2

+i123 =324 —i = 31i.

IIpumep 4.2.

BomomauTts geiicteus. PesynpraT 3ammncarh B anredpandeckoit popme.
(2+14)(5—1) 241 1

(3—i)i  1+2 10i19°
Pemenne:
(2+i)(5—d) 10-2i+5i—4> 1143 (114+3i)(1—3i)
(3—4)i 3i — 72 O 1+3i (143)(1—30)
11 —33i+3i — 9" 20 — 304 :
= - = =2 -3,
1-9:2 10
244 (2+4)(1 - 2i) _2—4i+i—2¢2_4—3¢_§_§i
1+2i  (1+2i)(1—2i) 1 — 442 5 5 57
1 1 i 1
19:'4'4—"_3:'3:—‘ = = :—-
v U T 1049 T 10(—i)  10(—i)i 10"
(240)(5—1i) 2+ 1 . (4 3. 1
(B—i)i 1+2i 100 2T \575) T’
_ogsi— sy Sy Lo (oo B (2R 28,8
B 55 10 5 5°10) 510"

IIpumep 4.3. [peucrasbre uncio z = —4 + 4+/3i
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I'JIABA 4. KOMIILJIEKCHBIE YHUCJIA
® B TPUTOHOMETPUIECKOIl (popme;

e B MOKa3aTeNbHON (hopme.

Beraucaure 230,

Pemenne: z = —4 4+ 4v/3i, a = —4, b = 4+/3. Haiiziem Momyb uncia 2.

|2] =1/ (=4)2 4 (4V/3)2 = /16 + 16 - 3 = /64 = 8.

Borancium apryment gucia z. a < 0, b > 0 = argz = arctg — + 7.
a

43 2
cp:argz:arctg—{+7rzarctg(—\/§)+7r: —g—‘rﬂ': 3™

_ _ 2 L2
2z = —4+ 43 = §(cos ST +isin $m) — TpuroHoMeTpHYecKas dopma
3AlMCH KOMILIEKCHOIO YHMC/Ia.
22
z = 8e'3™ — mokasareabHas (popMa, 3aMNCH KOMIIJIEKCHOTO YHCIIA.
230 = [2]3%(cos(30 ) + isin(30 ¢)) =

.9 -2
_ 830 (COS (30 71.) +isin <3037T>) = 830(cos 207 + isin 207) =

3
= 8%,

IIpumep 4.4.

V3

1
HaiiTi KOpHE ypaBHeHHS z° + 3 + 72 =0.
Pemenne:

s__L_¥3,
2 2
3

Ob6o3HauNM 25 = z°, TOTIA

1 3
S )

2k 21k
V20 = \3/|zo|(cos<p+T7r+isin@+Tﬂ), k=0,1,2.

Haitnem mMomyns n aprymMenT
2 2

1 3 1 3

2 2 4 4

@ = arg zg = arctg | —5— —w:arctg\/g—w:g—ﬂ:—gﬁ.
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4.3. IIPUMEPBI PEIIEHIS 3ATAHUI

2 2
1 V3 —§7r+27rk —§7r+27rk'
—5—72.:(:08 f +iSin f 5

k=0,1, 2. HonyqaeM TPHU KOPHS:

k=0, 2 . 2 2 L. 2
=0, « —005 7r isin T = COoS—T — isin —
0 ) 00597r is 977,
2
—*’7T+27T ——7 4+ 27
k=1, a1 =cos | —— | +isin 5| =
4
= Cos 7r+251n9
2
—*7T+47T ——7+ 47
k=2 ay=cos | ———— | +isin — 5| =

—cos 7T+zsm 1077—005 8 —+1 si 8 = 8 i o
= — — —— | m+isin | —= = —m—gsin —m.
9 9 9 9 i COSQ7T s 97T
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I'maBa 5

Jluneiinblie npeobpa3oBaHUsd
JIMHEMHBIX ITPOCTPAHCTB

MuoskecTBo L ¢ 3aJaHHON Ha HEM orepareil CIOKeHWs Ha3bIBAaeT-
sl JIMHEHHBIM (BEKTOPHBIM) TIPOCTPAHCTBOM HaJ, mojieM P, ecyiu Jjis Bcex
v € L,A\ € P ompeneneHo BHeITHee Ipou3BeaeHne A\v € L u Ipu 3TOM
BBINIOJTHEHBI CJIEIYIOIIHE TOXK/IECTBA:

e (L,+) sBnsercs abeseBoii Tpymmoit

)\1 (/\211) = ()\1/\2)1}

()\1 + AQ)’U = Al’U+ )\27]
o A\(v1 +v2) = Ay + Avg
e l-v=vw

Bremnee npon3seieHne He ABAAETCA IBYXMECTHOI oneparueil, Tak Kak
€ro COMHOYKUTEJTH JIesKaT B Ppas3Hbix MHOXKecTBaX. OIHAKO, BHEIIHEE YMHO-
JKeHre Ha (PUKCHPOBAHHBIN /IEMEHT IO/ Oy/IeT OTHOMECTHON oneparinei
U JINHEHHOE MTPOCTPAHCTBO MOYKHO CYUTATH AJIT€OPANIECKON CTPYKTYPOIi.
Ho ecnn nosie P 6eckoHe4YHO, TO CUTHATYpA TOXKe OECKOHEeYHA.

IIycte L — numeitnoe MpoCTpaHCTBO U K — €ro MOJMHOMKECTBO, SBIISAIO-
mieecs noarpyunoil abesesoii rpynnet (L, +). Ecau K 3amkayTO OTHOCH-
TeJIbHO YMHOXKeHHs Ha Bce sjieMeHTbl noiid (v € K, € P = A € K), 1o
K naspIBaeTcs MoaIpoOCTPAHCTBOM IPOCTPAHCTBA L.
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DJIeMEeHTHI JIMHEHHOTO TMPOCTPAHCTBA MPHUHATO HA3BIBATH BEKTOPAMH
(reoMeTprYecKre BEKTOPbI €CTh JMHEHHOE TPOCTPAHCTBO HAJL IIOJIEM Jei-
CTBUTENbHbIX 4uces). Bekrop Buma Aqv; + Agve + -+ + Ay, Ha3biBa-
erTcsl JUHEHHON KOMOWHAINEH BEKTOPOB U1,V,...,Un. 1IPH A1 = Ay =
-oo = Ap, = 0 momyyaeMm TpUBHMAIBHYIO JIMHEHHYI0 KOMOWHAIINIO, KOTOPAs
paBHa HefiTpajbHOMY 3jeMenty (HyjaeBomy BekTopy) O abeseBoil rpym-
ubt (L, +). Bekropsl vy, v, ..., v, HA3BIBAIOTCS JMHEHHO HE3ABUCUMbBIMHU,
ec/i HUKAaKas X HeTPUBUAJIbHAs JIMHEHHAs KOMOMHALMS HE PaBHA HyJle-
BOMY BeKTOpYy. B mporuBHOM ciiydae, KOrJa CyLIECTBYeT HeTPUBHUAJIbHAS
JIMHEelHas KOMOWHAIINS PABHAS HYJIEBOMY BEKTODY, TOBOPAT, 9TO BEKTOPBI

V1,02, . .., Uy ABIAIOTCS JUHEHHO 3aBUCHMBbIMU. BepHO ciemyroriee yTBep-
JKIeHUe:
Bekropsr v1,v2, . . ., Uy ABASIOTCH JHHEHHO 3aBUCUMBIMHU TOTA U TOJIb-

KO TOTIa, KOTJA OIWH W3 HUX PABEH JIUHEHHON KOMOWHAIIUN OCTAJBHBIX.

Ecnu MBI BO3bMEM OMH BEKTOp, 3aTeM J00aBUM K HEMY €Ile OJIWH,
IIOTOM E€IT[e, TO PAHO WJIX TO3/HO MBI TIOJyIUM MHOYKECTBO JIMHEHHO 3aBH-
cumbix BekTopoB. Hanbosibiiee o KosimdecTBy BEKTOPOB JIMHEITHO HE3ABH-
CHUMOE MHOXKECTBO HA3bIBAETCS 6A3UCOM JIMHEITHOIO npocrpanHcTBa. OKa3bi-
BAETCsI, BEPHA,

Teopema. Bce 6a3nchl 3aJaHHOTO TUHEHHOrO TPOCTPAHCTBA L MMEroT
O/IMHAKOBOE KOJINYECTBO BEKTOPOB, KOTOPOE HA3BIBAETCH PA3MEPHOCTHIO
9TOrO MPOCTPAHCTBA U obo3Hadaercs dimL.

CrencrBueM 3TOi TEOPEMBI CJTYKUT YTBEPKICHUE: KAXK Il BEKTOD O/
HO3HAYHO MPEJCTABJISETCS B BUIE JUHEIHONW KOMOMHAIMY OA3UCHBIX BEK-
TOPOB. A MMEHHO, ecii v = A1e1 + Aoes + -+ + A€, THe €1,€2,...,6y, —
6azuc L, T0 A1, Ag,..., A\, HA3BIBAIOTCA KOOPJAMHATAMH BEKTOPA U B 3TOM
6azuce. HacTo KOOPAMHATHI 3aIIACHIBAIOT B CTOJIOEIL;

A1
A2
vt = _
An
[To m3BECTHBIM KOOPAMHATAM BEKTOPOB v%, U% s+, U} JETKO TPOBEPHTD
nux HHHeﬁHyIO HE3aBUCHUMOCTb:
Bekroper v1,vs,...,V, ABIMLIOTCA JUHEHHO HE3aBHCUMBIMHM TOLIA U

TOJIBKO TOT/A, KOTA MATPHUIA, COCTABIEHHAS U3 CTOJOIOB UX KOOPJIWMHAT

(v% v% e v}l) uMeeT HeHyJIeBOH ompeJleInTeb.
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IJTIABA 5. JIMHEHHBIE IPEOBPA30OBAHIST

[ToampoCTpanCTBO, MOPOXKICHHOE BEKTOPAMHE V1, V2, - - . , Un, COCTOUT W3
BCEBO3MOXKHBIX MX JIMHEHHBIX KOMOmHanmuii. B gwacTHOCTH, OmMmpOCcTpaH-
CTBO, TOPOXKJIEHHOE OHUM BeKTOpoM v # 0, ecth {A\v |\ € P} m umeer
Pa3sMepHOCTh OIIWH.

Orobpaxenne f : L1 — Lo HA3BIBAETCs JIMHEHHBIM OTOOPAYKEHUEM,
€CJIN BBITIOJTHEHBI CBOMCTBA!

e f(M) = Af(v)
o f(v1+v2) = f(v1) + f(v2)

Ecou eq,es,...,e, — 6a3uc Ly, a ki,ks,..., Lk, — 6a3uc Ly, TO au-
Helinoe orobpaxkKHue OJHOZHAYHO OLpPeJIe/seTCd KOOpAMHATAMU BEKTOPOB
fler), flea),..., fen), a ans mo6oro apyroro v = Aje1+Agea+- -+ Anep,
BepHO f(v) = A1 f(e1)+Aaf(e2)+- -+ A, f(en). OG03HAUINM a;; KOOpAUHA-
ToI BekTOpa f(€;) B 6asuce ki, ko, ..., ki, T0 ectb f(e;) = a1k + agjks +
o+ apjiky,. MaTpuma

a11 a2 -+ Qln

a21 a2 -+ G2n
Af =

Am1 Am2 Tt Amn

Ha3BIBAETCS MaTpurei auHeinoro orobpaxkenusd f : Ly — Lo B 6a3ucax
€1,€2,...,6n, k1,ka, ..., k. Ilo 3amannoit MmaTpure pe3yabrar JUHEHHOTO
0TOOpAKEHMST HAXOIUTCH KAK

Flo)r = Ag -t

Kornma npocrpanctBa Ly u Lo ABIAIOTCA OJHUM U TEM YK€ MPOCTPaH-
crBoM L ¢ 6a3ucom eq,es,...,e,, TO quHeiHOe oToOpaxkume f : L — L
Ha3bIBAETCH JuHefinbIM 1peobpasoBanueM npocrpancrsa L. Marpuna A
JuHEHHOTO Ipeobpa3oBanus B Oa3uce €1, s, . . . , €, OyIeT KBaIPATHON MaT-
pureit pasmepa n X n. jusa auHeitHOTO Mpeodbpa3oBaHus MpocTpaHcTBa L
BO3MOXKHA CUTYaIWs, KOT/Ia HEKOTOPBIM HEHYJIEBOUW BEKTOp v € L mpu mpe-
00pa30BaHUU IEPEXOJUT B BEKTOP, KOJUIMHEAPHDIH ucxogaomy: f(v) = av.
OTa cUTyalys UHTEPECHa TeM, YTO TOLAA BCE MOANPOCTPAHCTBO, IOPOXK-
JIEHHOE ¥ IIEPEXOIUT CaMO B CeOs:

FOw) = Af(v) = Mav) = a(Av).
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leomeTprudeckuit CMBICT COCTOWT B DPACTSKEHUW B (v Pa3 <IPAMOIt»,
COCTaBJIEHHOI U3 BEKTOPOB, KOJIUHEAPHBIX v. B 3TOM crydae roBopsT, 94T0
BEKTOD ¥ sABJISI€TCsi COOCTBEHHBIM BEKTOPOM JIMHEIHOro 1npeoOpa3oBaHms,
COOTBETCTBYIOLINM COOCTBEHHOMY 3HAYEHUIO (.

O6001eHIEM ITOI CUTYAIIUU SBJISETCS OIPEJICJICHUE WHBAPUAHTHOIO
noanpocTpancTBa. IloampocrpancrBo K C L Ha3bIBaeTCs WHBAPUAHTHBIM
OTHOCHUTENILHO mpeobpasoBanus f : L — L, ecau nisg Bcex v € K BbINOJ-
ueno f(v) € K.

IIycrep suneitnoe mpeobpasosanue f : L — L 3amano marpurneit Aj.
VMHOXKEHHE Ha CKaJjsp (@ COOTBETCTBYET JIMHEHHOMY IIPeoOpa3sOBaHUIO C
marpureit aF. Takum obpaszom,

Taxk Kak v — HeHy/IeBOil BeKTOp, TO Marpuiia Af — o BBIDOK/EHHAA U
det(Af —aFE) =0.

7151 KBaIpaTHON MAaTPHITBI pa3Mepa n X n ypasuenue det(A;—ak) =0
HUMEET CTEIeHb N U HA3BbIBAETCS XapaKTEePUCTHIECKUM ypaBHeHueM. ducyio
KOpHell 3TOro ypaBHeHusi He OOJibllie 7, a KaXK/Iblii KOPEHb (v SBJISEeTCs
COOCTBEHHBIM 3HAYEHUEM JIMHEHHOrO MPeoOPa30OBAHNUS.

Ecnu o aBasgercs npocTbiM KOPHEM, TO 3TOMY COOCTBEHHOMY 3HAYEHUTO
COOTBETCTBYET OJTHOMEPHOE TTOIMPOCTPAHCTBO COOCTBEHHBIX BEKTOPOB. Ta-
KnM 00pa3oM, COOCTBEHHBINH BEKTOD ONMPEIEIAETCsS ¢ TOTHOCTHIO 10 ITPOU3-
BOJIbHOM IOCTOSHHON u3 1moJisd P.

ECHI/I Q ABJIACTCA KPATHBIM KOPHEM XapPaKTEPUCTHYICCKOTrO ypa,BHeHI/IH,
TO BO3MOKHBI HECKOJIBKO BapuanToB. Hampumep, coOCTBEHHOMY 3HAUEHHUIO
(v, KOTOPO€E ABJIAETCA KOPHEM KPATHOCTH JIBA, COOTBETCTBYET WHBAPUAHT-
HOE OTHOCUTEIHHO PACCMATPUBAEMOrO JIMHEHHOTO MPeoOpa3oBaHUs TOJ-
MPOCTPAHCTBO pa3MepHOCTH ABa. Ho ero 6asmc MoXKeT COCTOSATH OO U3
JBYX JIMHEHHO HE3ABUCUMBIX COOCTBEHHBIX BEKTOPOB, JIUOO W3 OIHOTO COD-
CTBEHHOI'O BEKTOpaA ¥ U IPHUCOECIUHEHHOI'O K HEMY BEKTODa W:

flw) = aw +v.

s kopHeit kpaTHOCTH TPU U O0JIee KOJUIECTBO BAPUAHTOB CTPYKTY-
Dbl HHBAPUAHTHOI'O IIOIIPOCTPAHCTBA erie OoJIbIIIe.
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I'VTABA 5. JINTHEWHBIE ITIPEOBPA30OBAHUS
5.1. 3agaun

BagaHa MaTpuIla TUHERHOrO Tpeobpa3zoBaHus B HEKOTOpOM Oasuce A.
Haiitu Bce ero cobcTBeHHDBIE 3HAYEHNUSA W ONWH U3 COOCTBEHHBIX BEKTOPOB.

2 -1 1 -4 -1 1
5011 1 -1 58 17 5 —6
2 0 1 8 3 —4
0 -1 1 2 1 0
52 11 -1 -1 5.9 0 2 -2
2 0 -1 -1 1 3
2 1 0 4 -2 2
5311 2 -1 5.10 2 2 -1
11 2 -1 1 1
4 -2 2 3.2 1
5410 1 5 511 | 0 1 3
0 -1 -2 6 2 —4
2 1 -2 -1 1 -2
5512 -2 9 5.12 2 -5 9
0 -2 6 0 —2 3
3 -1 -1 -1 -1 1
56 0 2 —5 513 [ 17 8 —6
0 2 0 8 3 -1
2 -1 1 11
5.7 1 2 -1 514 | 11 -1
-1 1 2 11

3agaHa MaTpUIa JMHEHHOrO Ipeodpa30BaHus B HEKOTOpOM basuce A.
Haiitu Bce ero cobcTBeHHDbIE 3HAMEHNSA U BCE COOCTBEHHDBIE BEKTOPDI.

2 2 73
5.15(22> 5.17(3_1>
0 1 1 3
5.16(_2 3> 5.18(_1 5>
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5.2. YIIPA>KHEHI ST

7
1
1 ) 5.38
1 -1

9 4 ) 5.39

5.29 _g _16> 5.40

0 (01 san (5 1)
5.20(2 :i) 5.31(? _2>
5.21(?}1) 5.32(3_%)
5.22 ( 1 ;11 ) 5.33 ( 13 :fg )
5.23 ( _} f ) 5.34 ( :g 12 >
5.24(_2 _§> 5.35<§ f)
5.25(_} f) 5.36(?1 3)
o (29 ar (23)
sar (] (2 3)

( (

( (

5.2. VYnpaXHeHud

3a1aHa MaTpHUIA, JIUHEHHOTO TTpeobpa3oBanms B HEKOTOPOM basuce A.
Haiitu BCe ero coGCTBEHHbBIE 3HAYEHUS U BCE COOCTBEHHBIE, 8 €CJIU €CTh, TO
" IIpuCOEeINHEHHBIE BEKTOPDI.
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IJTIABA 5. JIMHEHHBIE IPEOBPA30OBAHIST

1 -1 1 6 0 —2
541 [ 1 1 -1 547 | -4 2 2
2 -1 0 -2 -2 4
1 -2 -1
542 [ 1 -1 1 2 0 —1
1 0 —1 5.48 -2 0 1
-1 -1 1
2 -1
543 [ 1 2 -1 -
1 -1 2
san (1)
3 -1 1
544 [ 1 1 1
-2 1
4 -1 4 5.50(10>
2 2 2
5.45 3 =3 1 0 1
0 13 5'51(—1 2>
30 6
546 | 2 1 2 4 -1
13 —4 5'52<4 0)

5.3. Ilpumepsnl pemmeHus 3aJaHUl

3a1aHa MaTPHUILA, JTUHEHHOro mpeodpa30oBaHms B HEKOTOPOM bOasuce A.
Haiitu BCe ero coOCTBEHHbBIE 3HAYEHUS U BCE COOCTBEHHBIE, a €CJIU €CTh, TO
" IIpuCoeInHEHHbIE BEKTOPDI.

3 2 1
IIpumep 5.1. A= 0 1 3
0 2 —4
CocraBisgeM XapaKTepUCTUYECKOE YPABHEHUE
33—« 2 1
det(A — aF) = det 0 e 3 =
0 2 —4—«

=B-a)l-a)(-4—-a)—2-3-3—«a)=
=0B-a)(-4—at+da+a®-6)=
= (3—a)(a®+3a—10)=0.
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5.3. IPUMEPBI PEIIIEHIS 3ATAHUI

OqvH U3 KOpHEeH XapaKTepUCTUIeCKOro ypasuenuss o = 3. [lomenum
o6e dacTu ypaBHeHus Ha (3 — @) U IIOJyYUM KB3IPATHOE ypaBHEHUE
a® +3a — 10 = 0. Ero kopuu o = —5 u a = 2. Takum obpasom, naiije-
HBI BCE TPU CODCTBEHHBIX 3HAYECHUS JIMHEHHOTO Tpeobpasosannsa. Tak Kak
KPATHBIX KOPHEH HET, TO KAYKIOMY COOCTBEHHOMY 3HAYEHUIO COOTBETCTBY-
€T OIWH COOCTBEHHBIN BEKTOp, 3aJaHHBLIN ¢ TOYHOCTBHIO A0 ITPOM3BOILHOIL
MOCTOAHHOMN.

Paccvorpum coberennoe 3nadernne o = 3. OGO3HAYNM KOOPIMHATHI
CODCTBEHHOTO BEKTOPA V1, V2, V3. PeIum cucremy

0 2 1 U1 2’02 + V3 0
(A—aBE)vt = 0 -2 3 || vo |=| 2024303 |=| 0
2’02 - 7U3 0

o
N
|
-3
Q
w

U3 2v9 +v3 = 0 u —2vy + 3v3 = 0 cuenyer 4vg = 0. 3uauyur vs = 0 u,
CeI0BATENIbHO, Vo = (. 3HaueHue v PABHO IPOU3BOJILHON nocTosuuoi C
TaK KaK B CHCTEMY YPaBHEHU U] HE BXOAUT B siBHOM Buie. CoOCTBEHHBIN
BEKTOP, COOTBETCTBYIOIMIUNA COOCTBEHHOMY 3HAUYEHUIO (v = 3, UMEET BUJ,

C 1
v = 0 =C-| 0
0 0

Teneps paccmorpum cobcTBenHoe 3uadenne o = 2. Toraa

1 2 1
(A—aBE)=| 0 -1 3
0 2 -6
U CHCTEMA ypaBHEHWil Oymer
vy + 209 + v3 0
—vV2 + 3U3 = 0
21)2 - 6’()3 0

[Tocnennwe nBa ypaBHeHUS PABHOCUIIbHBI Uy = 3vs. IloacraBum B mep-
BO€ ypaBHEHHUE:

v = —2v0y —v3 = —6vg — vz = —Tvs3.
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IJTIABA 5. JIMHEHHBIE IPEOBPA30OBAHIST

B kauecTBe 3HaUEHUS U3 MOXKHO B3ATh TPOU3BOJIbHYIO TOCTOAHHYIO C',
rorga vy = 3C, v; = —7C. CobCTBEHHBIN BEKTOP, COOTBETCTBYIOIIHUI COO-
CTBEHHOMY 3HAYEHWIO (v = 2, NUMEEeT BUJ

-7C -7
v = 3C =C- 3
C 1
Hakonern, g o = —5 cucrema npuMeT BU
vy 4 2vs 4+ v3 0
6U2 + 3’03 = 0
209 4 v3 0
[Tocnennune nBa ypaBHEHUsS SKBUBaJEHTHBHI vs = —2v9. llojcraBum B
nepBoe ypapuenue: 8v; = 0. 3naumr, v;7 = 0, U COOCTBEHHBIH BEKTOD,
COOTBETCTBYIONINIT COOCTBEHHOMY 3HAYEHWIO (v = —H, UMEET BUJ,
0 0
v = C =C- 1
-2C —2

2 9
IIpumep 5.2. A = ( 1 4 )

CocraBisiem XapaKTEPUCTUIECCKOE YpaBHEHNE

9

—4 —«

det(A—aE)zdet( 2__10‘ ) =2-a)(—4—-a)—(-9) =

= 8+4da—-2a+a*+9=0a*+2a+1=(a+1)*=0.

Kopenb a = —1 nmeer kparaocTh 2. CHavYaIa UIIEM COOCTBEHHBIN BEKTOP.
3 9
(A—aF) = ( 1 _3 )
O6a ypasuenns 3v; + 9vo = 0 1 —v; — 3vy = 0 paBHOCUJIBHBL V7 = —3Us.

CobceTBeHHbBI BEKTOD

() ()
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5.3. IPUMEPBI PEIIIEHIS 3ATAHUI

L1l mprCcoeuHEHHOTO K HEMY BEKTOPA

()

BBIIIOJIHAETCA CUCTEMa ypPaBHEHUMR

amem= (50 0)(m)=(2)=(F),

T. €

3wy + 9wy = -3

—wp — 3’(1}2 =1
Oba ypaBHeHusi paBHOCUJIBHBI w1 = —3wg — 1. Ilpucoenunaenubrit BEKTOP
AMeeT BHJL

[ -3Cc-1
w = C ,

rae C - IIPOU3BOJIbHaA IIOCTOAHHAA.
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I'maBa 6

KBajgparuanbie (popMbI

Ksagparuanoit ¢popmoit or n mepeMeHHBIX HaJ mojeM P Ha3biBaercs
BBIDAXKEHUE BUIA

n
f(xl,xz, e 7l'n) = Z aijxi:vj,
Q=1
rae T1,%2,. ..,y — HepeMeHHsle, a;; € P. Tak Kak x;2; = x;T;, TO yI006HO
CIuTaTh, IT0 (G4 + ;)T x; = 2b;;x;x;, €cau XapaKTePUCTUKA L0 He
paBHa 2. 9TO yCJIOBHE BEPHO /Jisi BCEX YMCJIOBBIX IIOJIEH.

O6oznaanm b;; = w,
T1 bin bz - bip
T bar  bao ban
X = , By=
Tn bpi bpa o bap

Torma f(x1,22,...,2,) = X' - By - X, npuuem marpuna By cnw-
merpudHad: bj; = b;;. OHa Ha3pIBaETCA MaTpHIEH KBaIAPATHIHON (GOPMBI
f(JCl,Z‘Q, cen ,Jjn).

Keanparuunas dopma  ¢(y1,y2,...,Yn) DOIydaercs u3 HOpMbL
f(z1,xa,...,x,) HEBBIPOKIEHHON 3aMEHON II€DEMEHHbIX, €CJIM JjIsd HEKO-
TOPOIi HeBBIPOKIeHHOM Marpunpl C nocse 3amenbt X = CY nonydaercs
PABEHCTBO

f(xl(ylw"7yn)ax2(yla"'7yn)7"' 7xn(y1a"'7yn)) :g(y17y27"’7yn)~
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B sTom cirygae mMexay MaTpuIiaMu KBAIPATUIHBIX (DOPM BBITIOJHEHO CO-
oTHOmeHne B, = CTBfC. Tak Kak y HEBBIPOXKIEHHONU MATPHUIBI BCe-
rga ecrb obparnas marpuna, To u ¢opma f(x1,Za,...,T,) HOILyYAETCH
u3 g(y1,Y2, - - -, Yn) HEBBIDOXKIAEHHON 3aMeHOi mepeMeHHBIX. Takue maphb
dbOopM HABBIBAIOT YKBUBAJIEHTHBIMU.

Kanonndeckas kBagparnanas GpopMa He COIEPKUT MPOM3BEIEHI pa3-
HBIX 3JIEMEHTOB, T.€. UMEET BHU/T

2 2 2
flz1, 29, .. 2n) = a1127 + 2225 + -+ + AppTs,.

Ee marpuria sBasiercss fuaroHaJibHON MaTPHIIE.

Teopema. Jliobas kBaaparuanas ¢hoOpMa SKBUBAJEHTHA, HEKOTOPOH Ka-
HOHHYIECKON KBaIPATUIHOI dopMme.

Eciu mbr paccmarpuBaem GpopMbl HaJ TIOJIEM J€HICTBUTEIbHBIX 9HCE,
TO MATPHUIIbI IKBUBAJIEHTHBIX KAHOHMYECKUX KBAJIPATUIHBIX (DOPM HUMEIOT
OJIMHAKOBOE KOJIMYECTBO TMOJIOKUTEIBHBIX W OIWHAKOBOE KOJMYECTBO OT-
PHUIIATEILHBIX 3JIEMEHTOB HA TJIABHOM AuWAroHaau. ITOT (aKT mpu n = 2
U n = 3 BaXKEH /I aHAJIUTUYIECKON TeOMETPUY KPUBBIX W MOBEPXHOCTEH
BTOPOro nopsifka. VI3BecTHO, 9YTO HAJ, MOJEM AeHCTBATEIbHBIX YUCET JII0-
Oas cuMMeTpuIHAS MATPUIA B MOXKeT ObITh IPUBEICHA K JUATOHAJTLHOMY
BUJY C MOMOIIBIO OPTOTOHAJBHON MATPUILI G CAEAYIOMUM 00pa3oM:

D =G 'BG =G"BG.

Teomerpuyeckuii CMbICJI 3aKJIIOYAETCA B TAKOM II0OBOPOTE CHUCTEMbI KOOP-
JIUHAT, 9TO YPABHEHUE KPUBOW (MJIM MMOBEPXHOCTHU) BTOPOrO TOPSIKA TIPHU-
HUMAET KAHOHUYECKUH BUI.

Hamomunm, uTo MaTpuma (G Ha3bIBaeTCA OPTOrOHATILHOM, ecin G~ ! =
GT. TlosToMmy 3aj1a4a OTBHICKAHUA HEBLIPOYKIEHHOM 3aMEHbI MePeMEeHHBIX
JIIS IIPUBEIeHUs KBAAPaTUIHOM (HOpPMBL ¢ MaTpulieii B K KAHOHUYECKOMY
BUJY CBOJIMTCH K OTbICKAHUIO 6a3uca u3 cOOCTBEHHBIX BEKTOPOB MATPULIbL
B u nocnenyromemy nx HOpMupoBaHuioo. HopMupoBanune BeKTOpa ¢ KOOP-
JUHATAME A1, A2, - . ., Ap — ITO JI€JIEHUE KAXK 0N KOOPJANHATHI HA BEJTHIUHY
VAT A+ A2,

Ksaaparuuynas dbopma f(x1,22,...,2,) HaJL 1I0JeM AeHCTBUTEIbHBIX
YHCEs HA3bIBAETCs I[IOJIOXKUTEJbHO OLPEIesIeHHON, eCiu [IpH JII0ObIX 3Ha-
YEHUAX L1, L2, ..., Ly, HE BCE U3 KOTOPHIX paBHBI 0, BEPHO

fz1,29,...,2,) > 0.
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I'JIABA 6. KBAJ/IPATUYHBIE ®OPMBbI

$IcHO, 9TO KAHOHMIECKAS MOJIOKATEIHLHO ONpeeeHHas (hopMa UMeeT
JIUATOHATIBHYIO MATPHILY C IOJOXKUTEILHBIMEA 3JIEMEHTAMHU Ha, JTUATOHAIIH.
O1HAKO MOKHO IPOBEPHUTH IOJIOKUTENBHYO ONPEIETEHHOCTD, HE IIPUBO/IS
K KAHOHWYECKOMY BHJLY.

Teopema. Ksagparnanas dopma Haz MOJEM IeHCTBATEILHBIX TACEIT
SIBJIAAETCS TIOJIOKUTEJIBHO ONPEJIEJIEHHON TOrIa U TOJILKO TOLJA, KOT/a BCe
[JIABHBIE YIJIOBBIE MEHOPBI €€ MATPHIBL MOJOKATETHLHBL.

HokazarenbcrBo npuseneno B [2, c¢. 163].

6.1. 3agaun

Banana kBagparuunas qopma f(xy, o) HaL MO0IEM AEHCTBUTENIbHBIX
qucesn. Halitu ee Mmarpuily u MaTpuily 3aMeHbl [IePEMEHHbIX, IPUBOIAIINX
310 popMy K KaHOHHUECKO#. IIpoBepuTh HEIOCPEICTBEHHONW 3aMEHOIl I1e-
PEMEHHBIX.

6.1 723 + 8x1wo + 3 6.15 52?7 — 6z122 — 323

6.2 222 + 67179 + 1022 6.16 —327 — 102129 + 2123
6.3 3022 + 102122 + 622 6.17 227 — 24120 + 1223
6.4 522 + 242,75 — 523 6.18 9a7 — 4a122 + 623

2 2
6.5 302 + 8212 + 942 6.19 3223 + 60z 72 + 723

6.20 327 +8 373
6.6 22 + 62179 + 923 L ST+ 0T
6.21 102? — 62179 + 223
6.22 Gx% + 10z129 + 3030%
6.23 —533% — 24x1x9 + 5x§
6.24 927 — 8z179 + 323

6.25 —9:5% — 6129 — x%

6.7 20:3% + 10x129 — 4x§
6.8 11x% + 2421719 + x%
6.9 Sx% — 8r119 — x%

6.10 22?2 — 142179 + 223

6.11 daf — 62122 — 43 6.26 427 — 102122 — 2023
6.12 1027 — 10z125 — 1423 6.27 22 + 24w 25 + 11232
6.13 22 + 8x122 + 723 6.28 22 + 87119 — 513
6.14 323 — 8z179 — 323 6.29 —4x? + 6172 + 423
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6.2. YIIPA>KHEHIA

6.30 —33% + 10z129 — x% 6.36 61:% +4riT9 + 91:%
2 10,2

6.31 14wy + 102125 — 1075 6.37 722 — 60z122 + 3243

6.32 327 + 8x129 — 323

6.38 10z? + 62179 + 223

6.33 31‘% + 6x1T0 — 51‘%

2 2
6.34 217 + 10212 — 313 6.39 a? — 24xy2y + 1123

6.35 1227 + 24x1 29 + 223 6.40 57 — 122135 + 523

6.2. VYmpakHeHusd

Bajana kBauparuunas dopma f(x1, o, r3) Hax 10JEM AEACTBUTEI b
HBIX gnces1. HaiiTn ee MATPHUILy 1 MATPHUILY 3aMEHbI TEPEMERHBIX, TTPUBOIS-

X 310 (hopMmy K KaHOHWIECKOH. [IpOBepUTh HEOCPEICTBEHHOM 3aMEHOM
repeMeHHbIX.

6.41 61‘% — 4x1x9 + 51‘% +4xix3 + 71‘%

6.42 x% + 2z129 + 5:5% —4xi1x3 — 4:5%

6.43 1T + T1T3 + Tox3

6.44 4%% — 4129 + x% + 4dx123 — 3223 + x%

6.45 113:% + 162129 + 5x% + 4z1x3 — 202223 + 23:%
6.46 m% — 6x1x0 + m% + 6z123 — 62223 + 5:10%

6.47 x% + dxx0 + x% + dxx3 + droxs + x%

6.48 17:[% —4x129 + 14x§ —4x12x3 — 8x213 + 14x§

IIposepurs, sBIsercs nu 3aJaHHAs KBaApaTudHas (HOPMa MOJIOXKH-
TeJbHO OLPee/IeHHOI.

6.49 2:5% — 2x129 + 5:5% + 6x123 — 4023 + Bxg + 2x124 + 4324 + 35E?1

6.50 41‘% —4dxix9 + 21‘% + 2x013 + 33:% +4dxixy — 20004 + 22374 + Sxi

6.51 3:5% — 2x129 + 2:5% + 2xox3 + 4x§ + 412y — 20004 + 22374 + xi

6.52 53:% +4x1T0 + 23:% + 2x123 + 2x923 + 433% + 2xox4 — 6374 + J;Z
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IVIABA 6. KBAJIPATUYHBIE ®OPMBI
6.3. Ilpumepsr penieHus 3aaHUi

IIpumep 6.1. Bamana kBaaparudnas GopMa HAJ TOJTEM TeHCTBUTETb-
ubix gucesi. Haiitu ee marpuiry u MaTpuily 3aMeHbI T€PEMEHHBIX, [IPUBOIs-
mux 310 popMy K KanoHndeckoit. [IpoBepursb HEmocperCTBEHHON 3aMeHOit
TTepeMEHHBIX.

flx1,m2) = 22 + 102122 + 23.

Tak kak 10 = 2 - 5, TO MaTpuI@a KBaAPATUIHON (HOPMBI €CTH

(33)

Ee cofcrBennble 3HaUeHNA — KOPHH XaPAKTEPUCTHIECKOTO yPABHEHHSI
(1-a)(1—a)=5-5=0wum 1—2a+a?—25=a?—2a—24 = 0. Pemaem
KBaJIpaTHOE ypaBHEHUe

dp=1+/1—-(—24)=1+5

CobcTBeHHOMY 3HAYEHHIO (v = 6 COOTBETCTBYET COOCTBEHHBIH BEKTOD (Me-
TOJ|, HAXOXKIeHUsI CODCTBEHHOIO BEKTOPA LpuBe/ieH B naparpade 5.3)

e (1),

Tt mopmupoBanus nogemum Ha /12 + 12 = 1/2:
S
we | V2
V2

Co6CTBEHHOMY 3HAYEHUIO (g = —4 COOTBETCTBYET CODCTBEHHBIN BEKTOD

e (1),

Ilocste HOPMUPOBAHUS MOy YAETCS

Sl
Ll NV

Vo =

S
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6.3. IPUMEPBI PEIIIEHIS 3ATAHUI

Marpura 3aMeHbI TIEPEMEHHBIX COCTABJISIETCS U3 CTOJIOIOB KOODIUHAT
HOPMHPOBAHHBIX COOCTBEHHBIX BEKTOPOB:

C =

sl
B

V2

—=Y1 +

1 1
—=Y2, T2 = —(=Y1 —
f V2 V2

MPUBOIUT KBAAPATHIHYIO (POPMY K KAHOHHIECKOMY BUILY.
IIpoBepka:

onw=( g+ fy2>2+10<fy1 + ) (v )+

2
1 2
_ o _ = 2 2 10 2 .2
+<ﬂy1 ﬂw) 2(y1+ y1y2 +y5 +10(y3 — y3)+

Takum obpaszom, 3ameHa r; = Y2

Sl

1
+y? — 2192 +43) = 5 (1208 — 8y3) = 67 — 4u3.

Samernm, 9T0 KO3 HUIMEHTH KAHOHUIECKOH (DOPMBI PABHBI COOCTBEHHBIM
3HAYEHUSM MATPHUIBI UCXOIHON KBAAPATUIHON (HOPMBI.

IIpumep 6.2. [IpoBeputsb, saBadgeTCS U 3aJaHHAA KBaApaTHIHAS (DPOP-
Ma, [IOJIOYKUTEJIBHO OILPEIEIEHHOM.

2.’1?% + 22129 + 330% + 62123 + 22073 + 595% + 2x124 4+ 22374 + Sxi .

Marpura nanuaoit poOpMbI eCTh

21 3 1
1 3 10
31 5 1
101 3

Berancaum ee riiaBabIe YTJIOBBIE MUHODPBI:

M; =2>0;
2 1
M2_’1 3’—6—1—5>07
2 1 3
My=|1 3 1|=30+3+3—(27+5+2)=2>0;
3 1 5
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I'JIABA 6. KBAJ/IPATUYHBIE ®OPMBbI

f :1,) i’ (1) 13 1 2 1 1
My = ——|3 1 0|+0-|1 3 0|+
3 151 15 1 31 1
101 3
2 1 3
301 3 1 |=—(1+15—1-9)—(6+1-9—1)43-2 = —64+3+6 = 3 > 0.
3 15

IIpyu BBIYHCICHHN MOCJIEIHErO ONpPEIe/IUTe s HCIOMb30BAMH Pa3/I0KEeHIEe

10 4erBepToil crpoke (cMm. caexcrsue u3 reopembl Jlaiaca, riasa 2).
Tak Kak BCE YeThIpe TIABHBIX YIVIOBBIX MUHOPA OOJBINE HyJs, TO 3Ta

KBaJIpaTnIHas (popMa, ABISETCS TOJIOKUTEIBHO OMPEIeJIeHHOM.
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SaKJII0YeH!e

Hacrosimee mocobue CIy:KUT JOMOJHEHHEM K y4eOHWKaM, MPUBEIEH-
HBIM B CIIHCKE JIUTEPATYPbl. B 3TuX y4eOHMKAX MOAPOOHO M3JIOKEH Teo-
peTudecKkuil MaTepuast, Ho HeJIOCTATOYHO MHOI'O IPUMEPOB U 3aIaHUN U1
CAMOCTOSITEJILHOM PAOOTHI.

[Ipm oTGope maTepuana Jjs 3aaHuil aBTOPHI B TIEPBYIO OYEPE/Ib CTpe-
MWINCh K 0OJIee WM MEHee PABHON CJIOYKHOCTH It BCexX BapuaHToB. Ha-
BBIKH, TPUOOPETEHHBIE TTPU PENICHUH ITUX 3aJaHUl, BIOCIEICTBUU TTPUTO-
JISITCS TIPYA U3YYEHUH APYIUX MATEMATHYECKUX U TPOQPECCUOHATBHBIX JTUC-
nummH. Anrebpandecknii moaxo, BKAYAIOMMA MATPULBI, MHOMOYJIEHbI,
KOMTLJIEKCHBIE YUCJIa, COOCTBEHHBIE BEKTOPHI, IMMUPOKO PACITPOCTPAHEH B CO-
BPEMEHHOI HAyKe W TEXHUKE.
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